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Abstract

The moving sofa problem is a two-dimensional idealisation of real-life furniture moving
problems, and its goal is to find the biggest area that can be maneuvered around a L-shape
hallway with unit width. In this project we will learn about Hammersly’s sofa ,Gerver’s
sofa and adapt Hammersly’s sofa to non-right angle hallways. We will also use calculus
of variations to maximize the area and find out Gerver’s sofa satisfied several conditions
that the best sofa satisfies.
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Introduction

The moving sofa problem asks us to find the largest possible area of a shape in the plane
that can be maneuvered around an L-shaped hallway with unit width. For example, a
semicircle with radius of 1 can be moved around an L-shaped hallway, as shown in Figure
0.0.1. This “sofa” has an area of 7/2, but larger areas are possible. The best sofa so far
was discovered by Joseph Gerver and it has an area of 2.2195 (Figure 0.0.2).Gerver also

conjectured this is the best possible sofa. However, this remains an open problem.

£ 0

/

(a) (b) ()

Figure 0.0.1: How a semi circle turns around a 90 degree corner
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Figure 0.0.2: Gervers sofa

The moving sofa problem was formulated by Leo Moser in 1966. One simple family
of sofas is the Hammersley’s family sofas, which are constructed from straight lines and
circular arcs. The best of them is the “Shephard piano” shown in Figure 0.0.3, with area
of fairly large area of 7/2 + 2/7m ~ 2.2074, ,which is a good first approximation to the
optimum. C. Francis and Richard Guy managed to find a slightly larger area of 2.2156 [1].
Later on Joseph Gerver further increased the the sofas area to approximately 2.2195(2].
Gerver also gave some conditions that an optimal sofa must satisfy,and showed his sofa
satisfied these conditions. However he was not able to prove that was the best sofa. Philip
Gibbs[3] did a numerical study on this problem and he implemented his computation in
Java. His results agreed with Gerver’s.

The boundary of Gerver’s sofa has 18 sections and with four of them being circular
arcs, six of them being involute of circles and two of them being involute of involute of
circles. In Gervers paper, a specific formula of his sofa was not given. Therefore , at the
end of chapter 1 I will give the formula of Gervers sofa and show how it rotates around
the 90-degree hallway.

In this project 1 generalized the 90-degree hallways. First I defined non-right angle
corners. Then I adapted Hammersly’s sofa to non-right corner hallways and found out
which one is the best one for every angle. Notice the sofas we have so far all rotated

around the corner clockwise. So I introduced the RHAM sofa, which has the surprising
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Figure 0.0.3: The “Shephard piano”

property that it rotates counterclockwise and its area surpass other shapes of sofa we
have so far when it rotates very small angle corners. The way RHAM sofa was discovered
is worth mentioning: instead of rotating the sofa, we rotate the hallway. And when the
hallway is rotating, its two ”tails” leaves traces. The blank area that the traces dont touch
is the RHAM sofa. However, RHAM sofa has bigger area than circular sectors for small
angles corner hallways. The family of Hammersly’s sofas are the biggest sofa so far for
angles larger than /2.

During the study of RHAM sofa I was fascinated by how rotation of the hallway forms
a sofa. The boundary curve of the sofa is the envelop to a family of lines, which are the
four walls of the hallways. This would derive an equation for the boundary curve. Then I
used Green’s theorem to obtain the area bounded by these curves in the form of integrals.
Now our goal is to maximize these integrals.

To achieve this goal, we applied a technique called calculus of variations. Let H : R? — R
be a C? function, which means H is a function that is twice differentiable and whose
second derivative is continuous. Calculus of variations is a technique to find a function

that maximize or minimize the integral

b
/ H(f(2), (@), " (), 2)dz
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which can be obtained by finding functions where the derivative of functions is equal to

zero. And this is where we solve the associated Euler-Lagrange equation:

d |0H

dx | Oy

_on
o

(f(:v),f’(w),zr)] (f(@), f'(x),2) for all x€(0,1)

where f :[0,1] — R is a C? solution to the basic function optimization problem.

For example, we will minimize the the following integral by this technique

1
1(t) = / (F(@)? + f'(2)*)da

-1

subject to the constraint that fi(—1) = 1 and f;(1) = 1. Then the calculus of variations

tells us that the optimum f is a solution to the “Euler-Lagrange equation”

d y B
= [27/(e)] = 2f(2)

And it follows that f(z) = %Rz

Now it will be easier to explain how calculus of variation works in simple sentences:
first, calculus of variation gives a differentiable equation of the target integral we want
to maximize or minimize, then we solve the corresponding Euler-Lagrange equation to
get the solutions. In chapter 3, we calculated the functional of the integrals associated to
the boundary curves of the sofa. Given some boundary curves, if we want to maximize
the region bounded by them, we only have to solve the corresponding Euler-Lagrange
equation. This will give several conditions that a area-maximized sofa must satisfy.

Applying the technique is challenging because the results strongly depends on which
walls the sofa is touching at the same time. So far we have discovered when the sofa is
only touching the top and bottom wall of the hallway, the boundary of the sofa indeed
needs to be a circular arcs with radius of 1 sharing the same center, which agrees with

Gerver’s result. This project would be more interesting if it could have covered other stages

of Gerver’s sofa’s movement.
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In the first chapter some basic concepts of sofa and its transformation rotating around
90-degree corner hallways are defined. At the end of this chapter the formula of Gerver’s
sofa are given. In chapter two non-right angle corners hallways are defined. Then gener-
alized Hammersly’s sofa, RHAM sofa and a circular arc shape sofa are defined and their
areas are compared. In the last chapter calculus of variations is first introduced and proved
it can be also used for three-time differentiable functions. Then it is applied to maximize

the area and a few conditions that an area- maximized sofa must satisfy were discovered.



1
The Original Moving Sofa Problem

In this chapter we will provide a formal definition of the moving sofa problem. To precisely
describe the movement of a sofa in the hallway, the 90-degree-hallway and rotation path.
We say a sofa can be rotated around the 90-degree-hallway if and only if there exists a
rotation path .Later an example of semicircle with radius of one was given as an example
of illustrating the difference of rotating paths. Then we would talk about the conversion
between sofa’s coordinates and hallway’s coordinates. We then introduce Hammersly’s
sofa and explain why it can be rotated around the 90-degree corner. At the end of this

chapter, the formula of Gerver’s sofa will be given.

1.1 The Original Moving Sofa Problem

The problem is to find the largest area that can be moved around a 90-degree corner with
width of 1. It is called “moving sofa” because turning around a geometry shape around a
corner looks like moving a sofa around a narrow corner in real life. Notice in this project,

we have a different definition of sofa.
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Top Wall

Bottom Wall

Left Wall Right Wall

Figure 1.1.1: A 90 degree hallway

Definition 1.1.1. A sofa is a closed, bounded region in a plane whose boundary is a

simple closed curve. A
Now we define the 90-degree hallway in the plane.

Definition 1.1.2. The 90 degree hallway is the set of points (a,b) such that a < 1 and

b <1 and such that either a > 0 or b > 0 as shown in Figure [1.1.2 A

Later in this project we will use (a, b) for the points in the hallway or in the reference
of hallway coordinates, we refer these (a,b) as hallway coordinates.

The boundary of the hallway is the union of four infinite rays that lie along the lines
a=0,a=1and b= 0, and b = 1. Naturally, b = 1 is the top wall, b = 0 is the bottom
wall, a = 1 is the right wall, a = 0 is the left wall. And (0,0) is the corner.

First we define two notations for transformation:
1. Ry : R? = R? is a clockwise rotation about the origin by an angle of .
2. Translation of S by @: If S C R? and ¢ € R?, S+ 7 = {5+ |5 € S}

Definition 1.1.3. Let S C R? be a sofa, and let H be the 90 degree hallway. A rotation

path for S is a continuous path O : [0, 7/2] — R2 such that

—

Ry(S)+0() CH
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for all § € [0, 7/2].

We say that S can be rotated in H if S has a rotation path. A

Instead of moving the sofa, we can rotate the hallway, which means the sofa stays we

can also rotate the hallway with O(0) being the rotation path.

Proposition 1.1.4. Let S be a sofa, O : [0,7/2] — R2 be a continuous path. O(6) is a

rotation path if and only if
Sc () RooH-00)
0€[0,7/2]

for all 6 € [0,7/2].

Proof. The proof is straightforward. Ry(S) + O(f) C H < Ry(S) C H —O(f) < S C

R_¢(H — O(#)). Since 6 € [0,7/2], we have

SC [ Reo(H-0(6))
0e[0,m/2]

This motivates the following definition.

Definition 1.1.5. Given a O(6) : [0,0] — R2, the corresponding maximal sofa is defined
by
S= () R_o(H-0(0)
0e[0,m/2]

A

Example 1.1.6. Let H be a hallway, O : [0,7/2] — R2 be the path O(6) = (0,0). If we
rotate the hallway along O(6), we will get our sofa S: a semi circle with radius of 1 defined

by 22+ y? <1 and = > 0. See figure 1.1.2. O
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Figure 1.1.2: A semicircle obtained by rotating the hallway
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In this project a rotation path O will be written in the form of O = (5(0),7(6)). If

P = (z,y) is the point on the sofa, then for each 6 € [0,7/2] the coordinates of P in the

hallway are S € (Ngejo /o) B-0(H — 0(9)).
(CL, b) = Rg(l‘, y) + 6

where Ry is the rotation matrix

—sinf cosf

[ cosf  sin «9}

Plug in the matrix, we have

—zsinf +ycosf+q(f) =a

ysinf + xcosh + p(f) =b

Rearrange it we can have the formula for (z,y)

y = (a—q(0))cosb+ (b—p(h))sinb

x=(b—p(0))cosh — (a—q(f))sinb

(1.1.1)

(1.1.2)

(1.1.3)

(1.1.4)

(1.1.5)

Later in this porject, we refer to (a,b) as hallway coordinates, (z,y) as sofa coor-

dinates

Example 1.1.7. Let S be a semi circle with radius of 1 defined by 22 +y? < 1 and y > 0.

Let O : [0,7/2] — R2 be the path G(f) = (0,0). Geometrically, this means the semicircle

stays in the 90-degree corner and rotates around (0,0).Then O is a rotation path for S.

Notice if we have chose the rotation path differently, the semicircle would still go around

the 90-degree-hallway. Let O : [0,7/2] — R? be the path

0'(0) = (cos b, —sinh)

Geometrically, this means the same but the rotation path describes the movement of the

point (1,0).

O
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(a) (b) (c)

Figure 1.1.3: How a semi circle turns around a 90 degree corner

Definition 1.1.8. Let S be a sofa. If S is tangent to the top wall for 61 < 6§ < 65, the
corresponding top curve is the curve formed by tangents. We define bottom curve, left

curve, right curvecorenr curve in the similar way. A

1.2  Hammersley’s Sofa

In this section we will give a specific definition of the family of Hammersley’s sofa. The
best sofa, the one with the biggest area, is knows as “Shephard Piano”. And we will point

out its rotation path with a proof following up. In the end we will compute its area.

Definition 1.2.1. Given any R € (0, 1), the corresponding Hammersley sofa is bounded

by the following six curves:

1. A semicircular arc with radius R goes from 0 to 7, whose center is (0,0). The semi

circle starts at (R,0), ends at (—R,0).
2. A line segment goes from (R,0) to (R + 1,0).

3. A quarter circle arc goes from 7 /2 to 0, whose center is (R,0). This quarter circle

starts at (R + 1,0), ends at (R, 1).

4. A line segment goes from (R,1) to (—R,1).
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Figure 1.2.1: Hammersley’s sofa when R = 0.5

5. A quarter circle arc goes from 7 to w/2, whose center is (—R,0). This quarter circle

starts at (—R, 1), ends at (—R —1,0).

6. A line segment goes from (—R —1,0) to (—R,0). A

Proposition 1.2.2. Hammersley’s sofa with R € [0,1] can be moved around a 90-degree

hallway.

Proof. We claim the path is R(—cos(f), —sin(#)). Since the sofa is only touching top wall,
the corner and right wall when turning around the corner, we only have to prove these three
parts are tangent to the corner. Hj is easy to check since we only have to show that O is the
midpoint of AB. The coordinates of A and B are : (—2Rcos(6),0), (0, —2Rsin(f)) Let 6
be the angle that sofa rotating by, O be the center of rotation. Then ZOAC = LZACO =6
since OA and OC are the radius of the semi circle. One can easily check that the coordinates
of O is R(—cos(0), —sin(0)).

We only need to check H; that is always tangent to the hallway since H; and H,4 are
mirror images. H; is a quarter circle with radius 1 rotaing around A, where A is a moving
point sliding along x = 0 since we just proved Hj is always tangent to the 90 degree

corner. O

Proposition 1.2.3. Hammersley’s sofa reaches the biggest area when R = 2/.

Proof. A = 7/2 + 2R — 7 x R%/2 where A is the area of Hammersley’s sofa and R €

[0,1].A” =2 — 7w x R. Thus when R = 7/2,A reaches maximum: 7/2 + 2/7. O
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Figure 1.2.2: Hammersley’s sofa rotating around a 90 degree corner

(a) (b) ()

Figure 1.2.3: How a semicircle turns around a 90 degree hallway with the red point being
its rotation center
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Figure 1.2.4: Hammersley’s sofa in the hallway when R =1
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Figure 1.3.1: Gerver’s sofa

The best one in the family of Hmmersley’s sofa is also referees as “Shephard Piano”.

This is obviously not the best sofa. In the next section, Gerver will give a better sofa.

1.3 Gerver’s sofa

Gervers sofa is bounded by 18 curves as shown in figure 1.3.1. Section 5,13,18 are straight
lines, 1,6,11,17 are circular arcs of radius a half, 2,3,7,11,15 and 16 are involutes of circles,
and 5 and 14 are involutes of involutes of circles. An involute of circles is a curve obtained

from a circle by attaching an imaginary taut string to the given circle and tracing its
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free end as it is wound onto the given circle. An involute of involute of circles is a curve
obtained from another given involute of circles by attaching an imaginary taut string to
the given involute of circles and tracing its free end as it is wound onto that given involute
of circles.

Notice in this project we usually refer the angle a sofa rotates around the hallway by as
0. However, in Gerver’s paper, he called it a and a constant . We will use his notations

only in this section.

1/2

1/2(14+ A -
The radius of curvature of section 1 to 4 are: [k(a) = A+ A+a=—y)

A+a—y

B—-1/2(r/2—a—@)(1+A) - (1/2 —a—)?/4
where A, B, ¢ and 0 are constant:

A = 0.09442656084365281344143545202488934647
B =1.3992037273335473412330290347045341296
@ = 0.03917736479008359454970847791542386094

0 = 0.68130150938272453726822315160136794552

The curvature of part 6 and 7 is 1 — k(a) when 0 < a < ¢ and ¢ < a < 6. Part 5,13,
18 are line segments.

Before we get to the bottom curve of Gerver’s sofa, we will talk about its movement
first. Gerver’s sofa moves differently around the corner than Hammersly’s sofa. When the
sofa goes around the hallway by 6 of 0 through 7/2, it happens in five stages. It touches
top and bottom wall along the hallway throughout the straight sections 18 and 13 and
goes right until it touches at point F. The first stage of rotation for 0 < a < ¢, the sofa
touches the hallway in section 12 and 17. Using a fixed angle in this range, the sofa moves
horizontally by small amounts until it reaches the hallway at F or in section 7. When

a = ¢, the end of the first stage, the sofa touches the corner of the hallway at G and the
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Table 1.3.1: Parts Gerver’s sofa touching the hallway at different stages

O<a<p 12,17
a=p point G
0<a<f 11,8,4,16
a=10 point G’

O<a<m/2—-60 1593

right wall tangentially at F. The second stage , 0 < a < 6, the sofa will touch the walls in
four different places in sections 11, 8, 4 and 16. The sofa will be separated from the wall
by a distance larger than 0.0012 at point GG. At the end of stage two, point G touches the
wall. The third stage, < a < /26, the sofa touches in sections 15, 3 and 9, for a total
of three times in this section. Stages four and five are mirror images in reverse of stages
two and one, respectively. The first three stages are shown in table 1.3.1.

In stage 3, the sofa is only touching the top, right walls and the corner. Recall in
the previous section , equation 1.1.2 and 1.1.3 converse the hallway coordinates to sofa

coordinates. In this stage, (a,b) = (1,1). Thus, we have

—xsinf +ycosf + q(f) =1

ysinf + zcosh + p(f) =1

. Since we already know the formula of part 15 and 3, we can compute p(«) and g(«).

Then we only have to plug them in

—xsinf +ycosf + q(f) =0

ysinf + xcosh + p(f) =0

. to obtain the corner part 9.

Part 8 was computed in a similar way.
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(a) When 0 < e <

L)

(b) When o = ¢

N

]

(c) When av =0

Figure 1.3.2: Gerver’s sofa rotating around the hallway (1)

\/

(a) When 0 <a<w/2—-6

|

(b) When e =7/2 — ¢

(¢c) When oo = /2

Figure 1.3.3: Gerver’s sofa rotating around the hallway (2)
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2
Non-Right Angles

In this chapter we are going to explore several different sofas that can be rotated around

non-right angle corners.

2.1 Non-Right Angle Corners

Definition 2.1.1. Let a € [0,7]. The hallway with angle « is the region H, in the

plane bounded by four rays B_A,B_C’,E_D and EF where A,B,C,D,E F are the points
1. A=(-1,0)
2. B=(0,0)
3. C = (cosq,sina)
4. D =(-1,1)
5. E = (ecsca + cot, 1)

6. F = (cosa + sin a, sin o — cos «)
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>

Figure 2.1.1: Non Right Angle Hallway

« is the angle between (picture).Notice when « is close to zero, the turn is very sharp;
when « is close to 7, the hallway is almost straight.

Now we define the rotation path for H, similarly.

Definition 2.1.2. Let S C R? be a sofa, and let H,, be the o angle hallway. A rotation

path for S is a continuous path O : [0, 7 — o] — R? such that

—

Ry(S) +0(0) € Ha

for all § € [0, 7 — af.

We say that S can be rotated in H, if S has a rotation path. A

Example 2.1.3. Let S be a semi circle with radius of 1 defined by 22 +y? < 1 and y > 0.
Let O : [0, 7/2] — R2 be the path, when G(f) = (0,0), S can rotate around Hg.See figure

2.1.3. O
Another naive approach is to let the sofa be a parallelogram.

Example 2.1.4. Let P be a parallelogram with four vertices being

(0,0), (csca, 0), (csca + cot a, 1), (cot o, 1)
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P can be moved around H,. See figure 2.1.4. It has an area of csc a. O

2.2  Generalized Hammersley’s sofa

Now with the definition of generalized hallway, we are ready to generalize Hammersley’s

sofa to go around H,

Definition 2.2.1. Let0 < R < lﬂﬁ’ a € [0, 7]. The generalized Hammersley’s sofa

is a region bounded by 6 curves:

1. Part 1 is a circular arc with radius R goes from point F' = (—Rsina, —Rcos @) to

A = (Rsina, —Rcos a), whose center is (0,0).
2. Part 2 is a line segment goes from point A to point B = (Rsina + 1, —Rcos a).

3. Part 3 is a quarter circle arc goes from B to C' = (Rsina, —R cos o+ 1) with radius

1, whose center is A.
4. Part 4 is a line segment goes from C to D = (—Rsino, —Rcosa + 1).

5. Part 5 is a quarter circle arc from D to E = (—Rsina — 1, —Rcos «) with radius,

whose center is F'.

6. Part 6 is a line segment from FE to F.

We call this sofa GHp 4. A

A GHR, rotates around H, with the rotation path being

(—Rsin(a + 6), Rcos(a + 0))

This means GHpg . rotates along a circular arc. See figure 2.2.2.
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D 4 C
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5 3
[ ]
0,0
E 6 F A 2 B

Figure 2.2.1: Generalized Hammersley’s sofa

Proposition 2.2.2. GHg reaches its biggest area when

sin o

R = —
SIncosa + T — «
Proof. The area A of GHR, is
m . 2 2
A= 5 +2Rsina — R°(m — a) — R*sina cos a
Now take the derivative of A in term of alpha
A" =2sina —2(sinacosa +71 — a)R
Now we set A’ to zero

sin «v

sinacosa+ T — «

O

Notice when o > 7/2, there is more room on the right foot of GHR , for sofa to turn
around. It will be more interesting if we include the red part in GHg o when o > 7/2 in

the future. See the red part in figure
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RSN

Figure 2.2.2: The red part is the extra room when sofa turns around H, when o > 7/2

NN | Ny
) &_;‘,/,I | ,’/ )
o AL
< < < ’
(a) (b) ()

Figure 2.2.3: When Corner Angle is smaller than 7 /2

2.3 The RHAM sofa

The goal is to find the biggest area that can be moved around a corner. Notice how the
family of Hammersley’s sofa rotate clockwise. What if the sofa rotates counterclockwise?
Before we define any other sofas, a generalized definition of sofa being rotated around

hallways is needed.

Definition 2.3.1. Let Hg o be the area between BA and E_D, Hepao be the area

between BC and EF.A generalized rotation path is a path O : [t1,t2] — R? and
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(a) (b) (c)

Figure 2.3.1: How a parallelogram turns around a hallway

0 : [t1,t2] — R so that

Ry (S) + O(t) € H,
Rﬁ(tl)(s) + 6(t1) - Hstart,a

R9(t2)(s) + 6(t2) - Hend,a

A
Example 2.3.2. Let P be a parallelogram with four vertices being
(0,0), (csca, 0), (csca + cot a, 1), (cot o, 1)
P can be moved around H,. See figure 2.1.4. It has an area of csca. %

Now we are ready to introduce our first sofa that rotates around the hallway counter-
clockwise.
Let F,, be a circular sector defined by z? + y? < R? and rtan(§) < y < 0 where R =

csc(5)

52~. Iy can rotated around H, with rotation path O(t) = —t where [t1, 2] = [0,a/2].
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(a) (b) ()

Figure 2.3.2: How a circular sector can be moved around the hallway

See figure 2.3.3. The area A of F, is

L/2 csc(%)2

A=

o ' 2
acsc (%)
— 2/ A
8

F rotates around the hallway H, counterclockwise by angle /2. However, when « is
very small the parallelogram we introduced before has a bigger area than F,, and F, is
better than generalized Hammersley’s sofa.

Recall in chapter 1, we rotated the hallway instead of the sofa. The hallway leaves a
trace during its rotation,and the blank space is the sofa that can be moved around this
hallway.

First we assume the rotating path is any fixed point on the line segment from (0,0) to
(csca+cot a, 1), which is the upper right corner of hallway. In example 1.1.6, the rotation
path is (0,0) and a semicircle with radius 1 is obtained.

When will the sofa have the biggest area? After a series of little experiments, we make
the mid point of the line segment from (0,0) to (csc « + cot a, 1) our rotation path. Then,

we obtain the RHAM sofa.

Definition 2.3.3. Given a € (0,7/2] , the corresponding RHAM sofa is bounded by

the following 7 parts:

1. Part 1 is a line segment from G (—cot §/2,—-1/2) to A (0,—1/2).
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2. Part 2 is a circular arc with radius of 1/2 from A to B (sin /2, — cos «/2) with its

center O (0,0).
3. Part 3 is a line segment from B to C' (csc«/2,0).
4. Part 4 is a line segment from C to D (sin /2, cosa/2).
5. Part 5 is a circular arc with radius of 1/2 from D to E (0,1/2) with its center O.
6. Part 6 is a line segment from E to F' (—cot §/2,1/2).

7. Part 7 is a circular arc with radius of csc §/2from F' to G with its center O.

A

Now with definition of RHAM sofa, the area A is easy to compute since it is the union

of four triangles and three circular sectors
A =0(1+cos(h))/(4sin6?) + (cot § + csch) /4 + cot 0/2 + 6/4

To computer the area, intuitively, we can count the number of the white pixels. Notice
there are some white spots in the shades that will affect the accuracy of computation.
(Figure 1.9).

RHAM, can be moved around a hallway of corner angle o with its rotation path being
(csca+ cotar)/2,0.5).

To explain it another way,by how we get a RH AM, sofa (the blank space after rotating
the hallway), we can easily know a RH AM, sofa can be moved around a hallway of corner
angle a.

To sum up the sofas we have so far, we plot the areas of the family of generalized
Hammersley’s sofa, F,, and RHAM,, the parallelogram, and the semicircle. in terms of
the corner angle . When 0 < o < 0.0.873207, a RHAM sofa is bigger than F,, and the

best generalized Hammersley’s sofa that can turn around H,. Fy, is never a better solution
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Figure 2.3.3: RHAM sofa

since we came up with this shape in only 5 seconds.
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Figure 2.3.4: White pixels in the shade

(a) (b) (c)
Figure 2.3.5: How a RHAM sofa moved around the hallway when aw = /3

33
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Figure 2.3.6: How a RHAM sofa moved around the hallway when oo = 7/2
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Calculus of Variations

During the formation of a sofa by rotating the hallway, the boundary curve of the sofa is
the envelop to a family of lines, which are the four walls of the hallways.In this chapter
we will first define envelope and give its parametrization, then calculate the area bounded
the boundary curve by Green’s theorem. Then we apply calculus of variations to find the

conditions an area-maxmized sofa must satisfy.

3.1 Background on Envelopes

In this section we will define envelop and the formula of envelop to a family of lines. Then

an example of using the formula will be given.

Definition 3.1.1. A parametrized curve in R? is a map v : (o, 3) — R for some o,

with —coc < a< < o0 AN

Definition 3.1.2. A parametrized family of lines is a function L :(a, 3) — L(R?) for

some interval (a, ) € R. A
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Definition 3.1.3. Let L(t) be a parameter family of lines and can be written as a(t)z +
b(t)y = c(t) where a(t),b(t),c(t) : (o, 5) — R and a(t),b(t) and c(t) are differentiable. An
envelope for L(t) is a regular parametrized curve: (o, 3) — R? such that L(t) is the

tangent line to (¢) for each ¢, where regular means is differentiable and (¢) # 0 A

Proposition 3.1.4. Let L(t) : a(t)x + b(t)y = c(t) be a parameter family of lines where
a(t),b(t) and c(t) are differentiable. The envelope can be parametrized as

<c(t)b’(t) —b(t)d(t) —c(t)d (t) + a(t)c’(t))
b(t)a'(t) —a(t)b'(t) b(t)a'(t) —a(t)b'(t) )~

Proof. Since a(t),b(t) and c(t) are differentiable, by chain rule we have
d' () (t) + a(t)a'(t) + V' (D)y(t) + b(t)y'(t) = ¢'(t) (1)

Meanwhile, notice the normal vector U (t) and the tangent vector T'(¢) of L(t) are

U(t) = (a(t), b(t))

Geometrically, U(t) and T(t) are perpendicular to each other. Thus

(a(t),b(t)) - (2'(2),/(t)) = 0

Therefore (1) can be simplified as

a' () (t) + V' (t)y(t) = (1)

Now we intersect L'(t) and L(t). Now we use Cramer’s rule

C((t)) l()) ((t))’
c(t '(t
"0 = 1w 0|

a'(t) b’(t)’

Therefore

(—c(t)b’(t) +b(t) (t) e(t)d'(t) — a(t)c’(t)>
b(t)a'(t) — a(t)b'(t) " b(t)a'(t) —a
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Example 3.1.5. For ¢ € [0,1], let L(¢) be the line segment from the point (0,1 —¢) to
the point (¢,0). Find an equation for the line containing L(t). And together, all of the line
segment L(t) fill a region in the plane. By previous proposition, we will find a parametric
equations for the top boundary curve.(Figure 3.2.1)

The slope of L(t) is 7+ =1 — ¢!, so the equation is

y=1—-tHz+ Q-1

To find a parametrization for the curve, we plug in (— g((f))abiggiz(é))g/((?) 7 —‘E(§) ég) (E)?}/(()))

from the previous proposition. In this case

a(t)=1-t1!
d(t)=t2
b(t) = —1
V(t)=0
ct)=t—1
dt)=1

Then

(VY (1) = b)) —e(B)a'(t) +a® (), _ o 1 o
WD (®) =y () dalt) —ape ) 17D
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Figure 3.1.1

Left Curve Right Curve

Corner Curve

Figure 3.2.1: Top, right and bottom curve in Hammersley’s sofa

3.2 The Boundary of the Sofa as an Envelope

This technique can be also used to find the formula of the shape of sofa. Lets start with

the upper left wall of the hallway.

Definition 3.2.1. Let S be a sofa. If S is tangent to the top wall for 6; < 6 < 65, the
corresponding top curve is portion of the boundary of the sofa traced out the point of
tangency. We define bottom curve, left curve, right curve, and corner curve in the

similar way. A

Example 3.2.2. The top, right and bottom curve in Hammersley’s sofa is shown in figure

3.3.1. 0
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Proposition 3.2.3. Let S be a sofa with rotation path (p(6),q(0)).

1. If S is tangent to the top wall for 61 < 6 < 6, then the corresponding top curve is
Hp(0) = (—sin(0) + q(0) sin(0) + cos(0)q'(6), cos(0) — cos(0)q() + sin(0)q'(0))

2. If S is tangent to the bottom wall for 61 < 0 < 05, then the corresponding top curve
18
Hp(0) = (q(0)sin + cos 0¢' (0), — cos Oq(0) + sin(6)q'(9))
3. If S is tangent to the right wall for 01 < 6 < 0, then the corresponding right curve
18
HRr(0) = (—cos0p(0) + sin 6p' (0), —p(#) sin @ — cos 0p'(0))
4. If S is tangent to the left wall for 61 < 0 < 05, then the corresponding left curve is
Hp,(0) = (cos @ — cosOp(0) + sinp'(0),sin @ — p(#) sin @ — cos Op'(0))
5. If S is touching the corner (0,0) for 81 < 6 < 6y, then the corresponding corner
Curve 1s
Hc(6) = (—cosbp(8) + q(0) sin 6, — cos 8(q(0 + p(0) tan)))
Proof. We will prove H;. The other proofs are similar to this one. Recall in chapter one we

have talked about the conversion between hallway coordinates (a,b) and sofa coordinates

(z,y). In terms of the upper left wall of the hallway, a = 1. Thus we have our line equation:
Li(0): —xsinf 4+ ycosd +q(f) =1
To use the proposition 3.2.4, a(t), b(t) and c(t) are listed below

a(t) = —sinf b(t) = cosf c(t)=1-—q(0)

a'(t) = —cosf b(t) = —sinf d(t) = —¢'(0)
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Then

< c®V'(t) —b)(t)  —c()a'(t) +alt)c (t)>
b(t)a'(t) —a(®)V'(t)”  b(t)a'(t) — a(t)V'(t)
= (q(0) sin 0 + cos 0q'(0), — cos Oq(0) + sin(0)q'(0))

Proposition 3.2.4.

1. Suppose the sofa is tangent to the top wall for 61 < 0 < 03, and let Cr be the
02
corresponding top curve. Then/ rdy = Er(0)df, where
Cr 61

Er(8) = (¢'(0) cosf + q(8) sind — sin ) (¢"(6) + ¢(#) — 1) sin 6

2. Suppose the sofa is tangent to the bottom wall for 01 < 0 < 0o, and let Cp be the
04
corresponding bottom curve. Then / rdy = Ep(0)df, where
Cp 63

Ep(0) = sinf(q() sin@ + cos0q¢'(0))(q(0) + ¢"(0))

3. Suppose the sofa is tangent to the left wall for 01 < 0 < 60, and let Cp, be the
06
corresponding left curve. Then/ rdy = Er(0)df, where
Cr, (75

E1(0) = cos 0(p(0) cos 0 — sin0p'(0)) (p(0) + p"(9))

4. Suppose the sofa is tangent to the right wall for 67 < 0 < 6O, and let Cr be the
0
corresponding right curve. Then / rdy = Er(0)df, where
Cr 67

Egr(0) = cosO(cos (=1 + p()) — sin0p'(0)) (=1 + p(0) + p”(0))

5. Suppose the sofa is tangent to the corner for 09 < 0 < 619, and let Cc be the

010
corresponding right curve. Then / rdy = Ec(0)do, where
Ce B9

Ec(6) = (cos0p(68) — q(0) sin 6) (sin 8(—q(6) + /(6)) + cos 6(p(6) + ¢'(6)))

Now we apply calculus variation to find the maximum of this integral.
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3.3 Calculus of Variations

Definition 3.3.1. A functional I[f] is a function that takes functions as inputs and

outputs numbers. A

Definition 3.3.2. Let C?([a, b]) be the set of C? functions on [a, b], and let I : C?([a, b]) —

R be the functional

b
1] = / H(f(2), f'(x),x)dx

where H(y,y,r) is a C? function R3 — R.

The functional derivative of I is the function

SI[f] .
T : [a, b] — R
defined by
SIf), . OH , d [0H ,

Proposition 3.3.3. Let {f;}t € R be a C? family of functions f; : 0,1— R satisfying
ft(0)=w and  fi(1)=u
for all t € R, and let I : R — R be the function
1
10 = [ Hifa). fl).)da

Then I is differentiable, with

oI[fi]
0 ft

') = /0 A 2 iy

where f;(x) donates the derivative of f;(x) with respect to ¢.
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Proof. We have

- % [/01 H(fi(z), ft’(:):),x)dx] )da = /01 % [H(fi(2), f{(z), z)dz]) da

By the chain rule,

d , . oH , . OH ,
4 (@), fi(0),2)ds] = o) G o), (00, 2) + ) 517 (o). fi) )
And thus
I'(t) = /<m>mﬂm>mmw+ﬁmmﬁmwﬂwx» (3.3.1)
/ fi(@ aH(ft ), fi(x dw—i—/ ft fl(z),x)dx (3.3.2)

But the integration by parts on the second integral gives
v. OH
/ﬂzzmmmwm

- i@ 5 i), } /'ﬁ i |G e fita). )| a

Now, since f;(0) = yo and f;(1) = y; for all s, we know that f;(0) = f;(1) = 0 for all t, so

the boundary term vanishes. Thus

[ % ndr = [ i) 2 [0 5o, i)

Substituting this into equation 3.42 gives

0= [ ho 5 ) st e [ i) 8 ). )] a

/ﬁqum<umm>(Z[<m>mmmDm

Definition 3.3.4. Let C3([a, b]) be the set of C? functions on [a, b], and let I : C3([a, b]) —

R be the functional

b
=/Hmmfwfwmwx
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where H(y,y/,y",z) is a C? function R* — R.

The functional derivative of I is the function

S|
o [a,b] = R
defined by
5I[f] o OH / " d [OH / "
@) = S 1 @) @) - | G (70, £ ) £(0)) | d
2
s @) £ @), ), | d

Proposition 3.3.5. Let {f;}t € R be a C? family of functions f; : 0,1— R satisfying
fi(0)=yo  and  fi(1)=wn
for all £ € R, and let I : R — R be the function
1
10 = [ H(h(e). fio). /@), a)da

Then I is differentiable, with

oI[fi]
5 (x)dx

1
I'(t) = /0 ji(@)

Proof. We have

1 1
1) =g | [ ). @ s )] ) do = [ HG ). i) o), )] o

By the chain rule

G U 2) 112). 1 (2),2)d) = o) (), Sio), £ o)) + B ) 5 ) ) )
OH

+f£,($) ay//

(fe(@), fi(x), £ (2), )
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and thus
1
ro - | (ﬁ()aﬂfﬁ()Jﬁx%ﬂxwﬂw (333)
%mwmmmwmmmﬁmwmmmmmmemw
/ﬁ mﬁm>ﬁ (@) m+/ﬂ fi(@), f(x),2)dz (3.3.5)

)y

By integration by parts on the second integral give

fi(@), £ (@), x)dz (3.3.6)

1

/ﬂ (@) i) £ @), 00 = | Fa) Sl £, 2.0

0

/ﬂ i{ >ﬂUﬁm4m

Now, since f;(0) = yo and f;(1) = y; for all s, we know that f,(0) = f,(1) = 0 and

f1(0) = f/(1) = 0 for all t, so the boundary term vanishes. Thus

[ St ) st i = - [ ot |5 (). s, @) do

And by integration by parts on the third integral give

/f

1

D) Je), F@))ds = | )5 () o), 5 ), )

0

/ﬁ Vs | i) o). £ )| o
/ﬂéﬂﬁﬁ>mmmm4m

Now we do the integration by parts again on the third interval

1

)1 | 98 () o). )0 | de = = i) S5 o), o), 5 ), )
- e [ |- )
v [ i ﬁPH<MUﬂm4m

/ i) g [a 7 (fi(@), fi(), ft”(x),:c)} dz
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Now plug them back in equation 3.4.3 we have

1
1) = [ h@0) 5 (e fio). @), 2)da
b d |0H / 1"
- [ i), |G ) ita). £ ). o

+ [ ) (S . s, gt .|

1 .
= [ o) (G o s, @00t = |Gl i) 7 o),
? [oH / 1"
12 | o), £10), 7))

O]

Now we are ready to prove any solution to the basic function optimization problem

satisfies the Euler-Lagrange equation.

Theorem 3.3.6. Let C3([a,b]) be the set of C° functions on [a,b], and let I : C3([a, b]) —

R be the functional

b
1) = / H(f(2), f'(x), " (x), 2)de

where H(y,y',y", x) is a C? function R* — R.
Suppose that f : [a,b] = R is a C? function with f(a) = yo and f(b) = y1 that mazimizes

the value of I[f]. Then f is a solution to the equation

oI1f]

Proof. Suppose that f(x) is a solution to the basic function optimization problem, which
means that f : [0,1] — R is a C? solution with f(0) = yo and f(1) = y; that minimizes

the value of the integral

1
/0 H(f (), f' (@), 1" (x), 2)dz

Suppose {f }ter be any C? family of functions f; : [0,1] — R satisfying
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1. f(0) =yo and f(1) =y for all t € R and

2. fo=1rf

And let I : R — R be the function

1
1(t) = /0 H(f(2), (@), " (), 2)dz

Then I(t) must reach its minimum value with ¢ = 0. Then we have I’(0) = 0. From the

previous proposition, we have

b oH / " d [0H , Y
/0 fo(z) (ay(ft(x),ft(x), t(ﬂc),a?)da:—dx[ay/(ft(x),ft(x), t(x),x)] (3.3.7)
2
& [ s @] =0 Gas)

+ 8y//

This holds for every C? family {f;}:cr of function for which fy = f and f;(0) = f;(1) are
constant. For such a family, the function fg(:U) is essentially arbitrary subject only to the

constant that fo(0) = fo(1) = 0. The only way for to hold for all such functions is that

OH ! " d |0H / "
Sy (o) fi@) fi @) — | S fte), i) 7 ),
2
o7 | (@) i) £ 0, | =

This is the Euler-Lagrange equation. O

Definition 3.3.7. Let I : C3([a,b]) x C3([a,b]) — R be the functional

b
1.9l =/ H(f(z), f'(x), f"(x),9(2), g (), 9" (x), 2)dx

where H(y,y,y",z,2',2", x) is a C? function R* — R.

The functional derivative of I is the function

oI[f, g]
of

: [a,b] = R and
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defined by
1lf,g) py _ OH _ d {E’H} L [aH] da
Sf oy dx |0y dz? | 0y"
and
31[f, 9]

_0H d [8H] o [OH}

g B =% T o 4z | 0o

Theorem 3.3.8. Let I : C3([a,b]) x C3([a,b]) — R be the functional

b
Ilf.g = / H(f(2), (@), " (). g(x2). ¢ (z), 4" (z), 2)dx

where H(y,y',y", 2,2, 2", x) is a C® function R* — R.
Suppose that f, g : [a,b] — R is C3 functions with f(a) = yo and f(b) = y1 that mazimizes
the value of I[f,g]. Then f ,g is a solution to the equations

oIf,q]
5F =0 and 59

Theorem 3.3.9. Let I7[p,q|,IB[p, q|,Ic|p, q],IL[p, q),Ir[p, q)be the functional

Ir[p,q] = Er(0)do
01
04
Iglp,ql = | Ep(0)do
03
06
Iclp,ql = Ec(0)dd
05
0s
IL[p,q] = Er(0)do
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where E7(0), Ep(0), Ec(0), EL(0), Er(0) were defined in the previous section. These

functional derivatives are

Olrlp.al | Olrldl _ g oy 4 i)

op oq
5135[]9, a ., 5135[5’ 94 _ _g0)+4"(0)
511.;[5, a 5135[5, 4 14 p0) +p"(0)
5IL5[Z, d . 5IL5[qP’ 9 _ o)+ 5"(0)
510,:;][) 4l Magg” q _ p(0) +4'(0)
Mc,g][)p, a Magg” a _ q(0) —p'(0)

3.4 Top Curve and Bottom Curve

Theorem 3.4.1. Let S be a sofa and (p(0),q(0)) be a rotation path for S.If S is tangent to
both top and bottom walls and not touching anywhere else of the hallway for 61 < 6 < 64,
the top and bottom curves in an area-mazimised sofa are circular arcs with radius of 1/2

sharing the same center.
Proof. By Green’s theorem, the area of the sofa is

/ xdy
oS

Where 05 is the boundary curve of S. Let Cr and Cp be the top and bottom curves for

0, < 0 <60y and let C' = —C7 — Cg Then

02
Area:/ xdy—i—/ xdy—i—/ mdy:/ (ET—i-EB)dH—i—/ xdy
Cr Cp 4 01 /

fC xdy does not depend on 0} during 6 and 6,. O must be the path that maximizes the

integral in the best sofa subject to the fact that O(6;) and O(6s) are fixed.
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Therefore, our goal is to maximize the integral

02
Iip.q) = /9 (Br + Eg)do

And I[p,q] = Ir[p, q] + IB[p, q]. Therefore, from Theorem 3.3.9, we know

511p, q] 0) - 1r(p, q] ) + 17(p, q]

5 5 5 (0)=04+0=0
and
2l g) — SR g) 4 SR ) — (14 g(6) +"(8)) + (4(0) + 40))

= —1+2¢(0) +2¢"(9) =0
Now we have
" 1
a(6) +4"(6) = 5
Solutions to this second-order linear ordinary differential equation are
. 1
q(0) = ¢18in6 + co cos O + 3

Then we plug ¢(#) back in top curve, we have

49

The top and bottom curves are circular arcs with radius % sharing the same center. [J

Theorem 3.4.2. Let S be a sofa and (p(0),q(0)) be a rotation path for S. Suppose S is

touching the corner (0,0), is tangent to both the top and right walls, and is not touching

any other walls for 61 < 6 < 6a. Then for these values of 6, the rotation path is given by

p(0) = ¢1 cosf + casin@ — c3sin(36/2) + ¢4 cos(30/2) +1/3



3. CALCULUS OF VARIATIONS
and

q(0) = —c18in 60 + cacos O + c3cos(30/2) + ¢4 8in(360/2) + 1/3

The proof will be very similar to the previous theorem.
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