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Abstract

Ordinary representation theory has been widely researched to the extent that there is a
well-understood method for constructing the ordinary irreducible characters of a finite
group. In parallel, John McKay showed how to associate to a finite group a graph con-
structed from the group’s irreducible representations. In this project, we prove a structure
theorem for the McKay graphs of products of groups as well as develop formulas for the
graphs of two infinite families of groups. We then study the modular representations of
these families and give conjectures for a modular version of the McKay graphs.
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Introduction

A representation of a finite group G is a homomorphism p : G — GL(V) for some
finite-dimensional vector space V. In ordinary representation theory, V is defined over
the complex numbers C, while modular representation theory refers to representations in
positive characteristic. This project focuses on certain graphs arising from the irreducible
representations of a finite group.

We begin by leading the reader through definitions of ordinary representation theory. In
particular, we describe what it means for a representation to be irreducible and highlight
key points in character theory, where the character of a representation p of a finite group
G is the function x, : G — C given by x,(g) = Tr(p(g)). Throughout most of the project,
we use character data to study the representation theory of the groups in question.

In 1981, John McKay associated a graph to each irreducible representation of a group
[2]. Essentially, this graph visualizes the interaction between its defining representation
and the other irreducibles of the group at hand. More precisely, since every representation
can be decomposed into a direct sum of irreducible representations, one can decompose a

tensor product into a direct sum of irreducibles. The decomposition data is what generates
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the McKay graph. We give a rigorous definition in Chapter 3, as well as construct this for
several groups. We contrast the McKay graph with the Cayley graph, another structure
which comes to mind when discussing graphs associated with groups.

Having presented necessary background in ordinary representation theory, we go on to
prove several theorems in Chapter 4. We show that the McKay graphs of the product of
two groups G x G have a direct relationship to the McKay graphs of the groups taken
individually. We also give formulas for the decomposition of tensor products of represen-
tations of the family of dihedral groups D,,. This tells us how to construct any McKay
graph for a given dihedral group. Our last result in ordinary representation theory has to
do with another family of groups, SLa(p), the special linear group of 2 x 2 matrices over
the field of p elements. Members of this family have a distinguished representation called
the Steinberg representation. We provide formulas for the tensor product decomposition
of this representation with itself.

In Chapter 5, we depart from ordinary representation theory and introduce modular
representations. These send a finite group to GL(V) in characteristic p, so we work with
K = F,, or its algebraic closure, Fp. We introduce a notion of McKay graphs in character-
istic p and show that the formulas for the McKay graphs of dihedral groups hold for D,
in characteristic 2 and characteristic p. Similarly, for SLo(p) we give a conjecture for the
tensor product decomposition of the Steinberg representation with itself in characteristic
p. Throughout the project we used substantial computational techniques in Magma and

Mathematica. Sample code appears in Appendix B.1.
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Preliminaries

In this chapter, we give a brief background of representation theory, with a focus on
ordinary representations and their characters. We introduce key notation and illustrate
several interesting properties by way of examples. In particular, attention is paid to the

effect of a group’s structure on its representations.

2.1 Definitions

Definition 2.1.1. Let G be a finite group and let V' be a finite dimensional vector space
defined over a field K. A representation of G is a homomorphism p : G — GL(V') where
GL(V) is the general linear group over V. Each element g € G gives rise to an invertible

n X n matrix p(g) with entries in K. We call n the degree of p. A

If the characteristic of K is 0 or prime to |G|, we call p an ordinary representation.

Otherwise, p is a modular representation, which we will cover in a later chapter. For now,

K =C.
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Example 2.1.2. The trivial representation is the homomorphism p;, : G —
GLi(K) = K*, sending all ¢ € G to 1 € K. For ease of notation, we denote this as

p1 from here on.

Definition 2.1.3. If ker p is trivial, then p is a faithful representation of G. Otherwise,

it is unfaithful. AN

Example 2.1.4. For any group G, the trivial representation is unfaithful since ker(p;) =

G.

Example 2.1.5. Let G = S3, V = C?, and p : G — GL3(C) such that p(g) permutes

the coordinates of V. Explicitly, we have

1 00 010 0 01
p0) =10 1 0|, pa2)=|1 0 of, pasn=lo 1 of,
0 01 0 01 1 00
1 00 010 0 01
p((23)) =10 0 1|, p((123))=1{0 O 1|, and p((132))= |1 0 O
010 1 00 010

Then ker(p) contains just the trivial element (), making p a faithful representation.

Definition 2.1.6. Let W be a subspace of V. If for all g € G and w € W it is the case

that p(g) -w € W, then W is a G-invariant subspace, or stable subspace of V. A

All representations have the stable subspaces {0} and V. To see that {0} is stable, note
that matrix multiplication sends 0 to 0. Similarly, W = V is a stable subspace as well

since if v € V, then p(g)v € V' by definition of p(g).

Example 2.1.7. Recall p : S3 — GL3(C) from 2.1.5 and let ¢ be the line spanned by
[ﬂ Then for any w € ¢, g € Ss, it is the case that p(g) - w € £ as well. (In fact, we find

that p(g) - w = w.) Thus /¢ is a stable subspace of C.
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Definition 2.1.8. For any stable subspace W of V', there exists a related stable subspace
W+ where W+ is the orthogonal complement of W € V. Here, orthogonality requires

a suitably defined inner product on V. The proof of this can be found in Appendix A. A

Remark 2.1.9. If the characteristic of the field divides the order of the group - which
means p is a modular representation - then there does not exist such a suitably defined

inner product.

The fact that stable subspaces come in pairs is especially clear when we consider the
two trivial subspaces {0} and V. For a nontrivial pair, let us further extend Examples

2.1.5 and 2.1.7.

Example 2.1.10. Let p be the permutation representation from Example 2.1.7. For this
representation of S3, it just so happens that the required inner product is the dot product
as defined for Euclidean space, yielding the intuitive notion of orthogonality. Then the
orthogonal complement of our stable subspace £ is the plane ¢+ = {(z,y, )|z +y+ 2z = 0}.
One can see that for any w = [Q € 1+, p(g) - w simply permutes the values of x,y, .
This means p(g) - w satisfies « + y + z = 0 which implies p(g) - w € ¢+, verifying that ¢+

is a stable subspace.

Definition 2.1.11. If the only stable subspaces of V are {0} and V, we call p an irre-

ducible representation of G. A

Definition 2.1.12. Consider p; : G — GL, (V1) and pa : G — GL,,(V3). Then their

direct sum, p1 @ p2: G — GLp1 (V1 @ V2), is defined as

(p1 ® p2)(9) - (v1,v2) = (p1(9) - v1, p2(g) - v2).

If one chooses an appropriate basis, then p; @ pa can be expressed in matrix form like so:

(p1 @& p2)(g) - (v1,v2) = pl(gg.vl pz(g(;-vg : A
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Definition 2.1.13. Let A and B be n x n and m X m matrices, respectively. Then the

Kronecker product A ® B of A and B is the nm X nm matrix

auB algB . alnB
(lQlB ang ce aan
am B aneB ... apnnB

where a;; B denotes the m x m matrix obtained by multiplying all entries of B by a;;. See

Figure 4.1.1 for an expanded version of the above matrix. A

Definition 2.1.14. Given p; : G — GL(V1) and ps : G — GL(V2), we define the tensor
product p; ® p2 : G — GL(V; ® V3) such that for all g € G, (p1 ® p2)(9) = p1(g9) @ p2(g),

where the latter tensor product denotes the Kronecker product of matrices. A

Theorem 2.1.15. The tensor product of two representations of G is a representation of

G.
Proof. 1t suffices to show that p; ® po is a homomorphism of G. See that

(p1 ® p2)(gh) = p1(gh) ® p2(gh) by definition
= p1(g)p1(h) @ pa(g)p2(h) since p1, p2 are homomorphisms

= [p1(g9) ® p2(9)] - [p1(h) @ p2(h)] by multiplication of Kronecker products

= (p1 ® p2)(9) - (p1 ® p2)(h)

as desired. ]

Theorem 2.1.16. If p is the trivial representation of G, then p1 ® p; = p; where p; is

any representation of G.
Proof. Let g € G and take (p1 ® p;)(g). Then

(p1 @ pi)(g) = p1(9) - pi(9)
= I, - pi(9)

= pi(9).
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O]

The following is Maschke’s Theorem - one of the foundational theorems of ordinary

representation theory.

Theorem 2.1.17. [1, 3.1, p.16] Every representation is a direct sum of irreducible repre-

sentations, and this decomposition is unique.

It is not necessarily the case that the tensor product of two irreducible representations is
itself irreducible. However, it can be decomposed into a direct sum where each component
is irreducible. More explicitly, for any pair of irreducible representations p;, pj, it is the

case that

n
Pi @ pj = k@i%ﬂk

=ai1p1 Dap2 D ... B anpn

where a; € N denotes the multiplicity of the irreducible representation py.

These last few theorems are integral to the project and will be used frequently.

2.2 The Characters of a Representation

Let M be an n x n matrix. If a;; denotes the 7th entry in the jth row of M, then the trace

Tr(M) is defined as ﬁ:laii. It is a nontrivial fact that Tr(M) also equals the sum of the
i=

eigenvalues.

Definition 2.2.1. For every representation p : G — GL,(V), there exists the function

Xp : G — K, with x,(g9) = Tr(p(g)). We call x, the character of a given representation.

If p is irreducible, we say X, is an irreducible character. A

From the definition alone, we see that x,(1) = n where p is any representation of G

since p(1) = I,,. It is also the case that for g, h € G,

Xo(9) = xp(hgh™"). (2.2.1)
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Observe that
Xp(hgh™) = Te(p(hgh™))
= Tr ([p(h)p(9)][p(h")]) since representations are homomorphisms
— Tr (Jo(h))[p(h~")p(g)]) by Tr(AB) = Tr(BA)
= Tr(Inp(9))
=Tr(p(9))
= Xp(9)-
This shows that x, is constant on conjugacy classes, which means we can talk about
the action of p on G in terms of conjugacy classes alone. Related to this are some deep

facts about representations and characters that we will use throughout the project. In

particular, these are:

1. The number of conjugacy classes of GG is equal to the number of irreducible repre-

sentations G has.

(63
2. If all the irreducible representations of G are p1, ..., pa, then Y dim(p;)? = |G]|.
j=1
Proving the above would require an in-depth excursion into heavily theoretical material,
taking us farther than we can afford from our immediate topic. We instead outline several

theorems and provide citations for those wishing to dive further into the related proofs.

These are Lemma 2.2.4 and Theorems 2.2.7, 2.2.9, and 2.2.10.

Definition 2.2.2. Let f : G — C be a function. If f(g) = f(hgh™?!) for all g, h € G, then

we call f a class function and Z(L(G)) the set of class functions. [7, 4.2, p. 36] A

Example 2.2.3. From its definition and Equation 2.2.1, we can see that x, is a class

function.

Lemma 2.2.4. The set of class functions forms a vector space over C under pointwise

addition and scalar multiplication.
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Proof. Let f,g be two class functions and define (f + g)(x) = f(x) + g(z). Under this
definition, it is clear that the sum of two class functions is itself a class function. Moreover,
for any scalar a € C, defining (af)(z) = af(x) shows that a scalar multiple of a class
function is a class function itself. The zero function is a class function and serves as the

additive identity. Thus set the class functions Z(L(G)) forms a complex vector space. [

Remark 2.2.5. It is known that Z(L(G)) has dimension |CI(G)|. For a proof of this, see

7, 4.3.8, p.37].

Definition 2.2.6. For a group G with |Cl(G)| = «, we define the inner product of two

characters x,,, x,; as

«

(pis X ) = 16 D ICUel (Xpi (98) - X, (a0))-

k=1
The above differs from the standard inner product due to the fact that x, is a class func-
tion. Rather than sum over all g € G, we iterate over g, where the latter is a representative

of Clk A

Theorem 2.2.7. [7, 4.3.9, p. 37] The irreducible characters of G form an orthonormal

set of class functions.

Example 2.2.8. Let G = S3. We present its irreducible characters in the table below, to
be introduced formally in Definition 2.2.12. For now, it is an a X a matrix which encodes

information about a group’s irreducible characters.

[0 (12) (123)

Xpo |11 1
Xpp | 1 -1 1
Xps | 20 -1

We now compute (Xp,, Xp;). Observe that

(12-1)+3(0-1)+2(-1-1)) =£(2-2) =0

=

<Xp1 > Xp3> =

(12-1)+3(0--1)+2(-1-1)) =1(2-2) =0

=

<Xp2 ) Xp3> =
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(Xps» Xps) = £(1(2-2) +3(0-0) +2(-1--1)) = g(4+2) =1

as expected, verifying Theorem 2.2.7.
In fact, it will always be the case that (x,,, xp;) = 1, (Xp;> Xp,;) = 0 for i # j.

Corollary 2.2.9. [7, 4.3.10, p. 38] There are at most |Cl(G)| equivalence classes of irre-

ducible representations of G.

Two inequivalent irreducible representations will have inequivalent characters, and will
thus belong to different equivalence classes in Z(L(G)). This means there are |Cl(G)]
distinct irreducible representations. Then for a finite group G, not only are there finitely

many irreducible representations, but there are precisely |Cl(G)| of them.

Theorem 2.2.10. [6, Corollary 2.4.2(a)] Dimensionality Theorem: Let p1, p2, ..., po be the

set of irreducible representations of G. Then it is the case that

S dim(pr)? = [
k=1

Example 2.2.11. We look at G = S5 once more. Then |G| = 6 and G has three irreducible
representations with dimensions 1,1, 2 respectively. (For more information on these, see

3.2.4.) See that 12 +12 + 22 =6 = |G|.

From our knowledge about the number of irreducible representations of G and their
characters, there exists a logical and efficient way of organizing data on G’s irreducible

representations.

Definition 2.2.12. To group G is associated an « x « character table of the form
below. The columns correspond to conjugacy classes with column j denoting the jth con-
jugacy class Cl;, while the rows correspond to characters of G’s irreducible representations
01, P2, -, Pa- As defined, py is the trivial representation. The ijth entry in this table tells

us Xp,(Clj), the character value of p; on the jth conjugacy class. By convention, we list
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the trivial representation and the identity class Cl; first. Through abuse of notation, we

set X; = Xp;-

ch Cly Cls ... Cl,
X1 1 1 1 . 1
Xz | dim(p2)  Xpo(Cl2)  Xpo(Clz) ... Xpe(Cla)
xs | dim(ps)  xps(Cl2)  Xps(Cl3) ... Xps(Cla)
Xa | dim(pa)  Xpa(Cl2)  Xpa(Cl3) ... Xpa(Cla)

A

We now provide several examples of character tables, in order for the reader to familiarize

themselves with the notation.

Example 2.2.13. Representations of a cyclic group

Let G be a finite abelian group. Then the number of conjugacy classes of G is |G|, since each
element is its own conjugacy class. This means there are |G| irreducible representations.
By 2.2.10, it follows that dim(p) = 1 for each irreducible representation p of G. Further,
let G = C,, the cyclic group of order n with elements of the form ¢* for 0 <z <n —1
where we set g° = 1. Then for any p : C,, — GL1(C), we have p(1) = 1 = p(g") = (p(g9))".

Let p(g) = z. It is the case that z must satisfy

1 = 2" which implies
0=z"-1

0=(z—1)("" 142" + 22 +241).

This yields the solutions z = p(g) = 1, which corresponds to the trivial representation,
and z = p(g) = o where o is a nontrivial nth root of unity. Then o = w/ for w = ™/,

1 < j <n—1. There are n — 1 possibilities for o, each yielding one irreducible represen-

tation. Thus the only irreducible representations of Cj, are of the form p;11(g*) = (w’)*.
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Now let n = 5, and let us examine the resulting character table.

1 g ¢ ¢ ¢
x1 |1 1 1 1 1
2|1l w w? W3 w?
3|1l w? wt w Wl
xa | 1 wow wt Ww?
x5 |1 wt WP W ow

In fact, we can construct a general character table of C,,, relying on the formula for

pj+1(g). This is displayed below.

1 g g? g° e gt
i1 1 1 1 . 1
xe | 1 w w? w3 .. wnt
x3 | 1 w2 wt (mod n) w5 (mod n) o w2(n71) (mod n)
xa | 1 w3 Wb (mod n) w? (mod n) o w3(n—1) (mod n)
o | 1 w1 w2(n—1) (mod n) w3(n—1) (mod n) w(n—l)Q (mod n)

Theorem 2.2.14. Let G be a finite nonabelian group and p : G — GL(V) of degree 1.

Then p is unfaithful.

Proof. Let G be nonabelian with p : G — GL1(C) = C* of degree 1. Suppose p is faithful.
Then p is injective, which means p(G) is a subgroup of C* that is isomorphic to G. However,
C” is abelian while p(G) is not. Since an abelian group cannot have nonabelian subgroups,

this is impossible. Thus p must be unfaithful. O

Example 2.2.15. Constructing the representations of Dy and Qg

Consider Dy = {1,7,72, 13, s,7s,7%s,73s} and Qs = {1,4,j,k,—1,—i,—j,—k} where
i? = j2 = k* = ijk = —1. It is clear that |D,| = |Qg|. Furthermore, they both have five con-
jugacy classes: {1}, {r?}, {r,r3}, {s, 572}, {sr,sr3} and {1}, {1}, {4, —i}, {j, —5}, {k, —k},
respectively. Then each of the two groups have five irreducible representations by Corol-

lary 2.2.9. Let a, b, ¢, d, e denote the degrees of these representations. By 2.2.10, these must
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satisfy 8 = a? + b? + ¢® + d? + €. Accounting for the trivial representation yields
8=12 4+ ++d+ed=T=0"+E+d* +e

The only solution set to the latter equation is {1,1,1,2}. Thus both groups have four
irreducible representations of degree 1 and one irreducible representation of degree 2.
Note that these groups are nonisomorphic since (g has more elements of order 4 than D,.
Let us now discuss the irreducible representations of both groups.

We refer to the four irreducible 1-dimensional representations of Dy as x1, ..., x4 where x1
is the character of the trivial representation. Since D, is nonabelian, we know x; has a non-
trivial kernel by 2.2.14. Then we can proceed by assigning normal subgroups of the group
to ker(y;). Said subgroups are Hy = {1,72}, Hy = {1,r,72, 13}, H3 = {1,72, 5,51}, Hy =
{1,72,sr,sr3}, and Dy. The full group serves as ker(xi), so we can dismiss it. Since
Hy C H; and we have four x;, it follows that x;(H;) = 1 for all i. Then we can dis-
tribute the remaining subgroups among our y; in the following manner: ker(ys) = Ha,
ker(x3) = Hs, and ker(x4) = Hy. For any g € Dy, we find that if g & ker(y;), then
xi(g) = —1 since g? € ker(x;). Verification is left to the reader.

The last irreducible representation of Dy is two dimensional - denote this as R. This
representation corresponds to visualizing our group’s action on the unit square in R2. For

example, we have

A 1 Q A D) 9

3 I ) 3 ) Z

Q 9 9 1 A 1

o Z Z I 4 I
R(1) R(r) R(s)

We conclude from the previous pictures that R(g) : R(r™) = ( [2 _01} )m, R(s) =

[_01 (1)] Then R(sr™) = R(s)R(r™). Computing the traces for all R(g) yields xr(1) =



22 2. PRELIMINARIES

2, xr(r?) = =2, and xr(g) = 0 for g # 1,72. Having now obtained all its characters, we

construct the character table for Djy.

Dy | {1} {r?} {r,73} {s,sr?} {sr,sr3}
11 1 1 1
vl 1 1 1 1 1
sl 1 1 1 1 1
wl 1 1 1 1 1
YRl 2 -2 0 0 0

We repeat this process with (g. Call its 1-dimensional irreducible representations
X1,...,X4 and let S be the irreducible representation of degree 2. Like D4, Qg is non-
abelian so we can find X; in a similar fashion: we assign normal subgroups of Qg to ker(X;).
Said subgroups are {1}, {—1,1}, (i), (4), (k), and @Qs. Let X1 be the character of the triv-
ial representation. By definition, ker(X;) = Qs so we move on to the nontrivial normal
subgroups. Call any of them J. Since {—1,1} C J and we have exactly four X;, we know
—1 € ker(X;) for all i. Then we can assign (i) = ker(X32), (j) = ker(X3), and (k) = ker(Xy).
Now take X2 and consider Xs(ijk). Since ijk = —1 and Xs(—1) = Xs(i) = 1, we must
have Xa(j) = X2(k) = —1 so that the multiplicative group structure of Qg is preserved.
By the same reasoning we have X3(i) = X3(k) = —1 and X4(i) = X4(j) = —1.

This gives us enough information to compute xg without explicitly defining the repre-
sentation. We use 2.2.7, which tells us that for any inequivalent x;, z;, we have (x;,z;) =0
with the inner product operating as defined in 2.2.6. First, recall that S is of de-
gree 2, which means S(1) = Iy and so Xg(1) = 2. Together with the facts that
Xs(—=1) # 2,(Xs(=1))? = 2, this implies Xg(—1) = —2. To obtain the rest of Xg,

we use 2.2.7 and 2.2.6 to generate equations of the form

(X1, ) = (ICU|(Xs(1)Xs(1) + [Cla] (Xi(Cla) X5 (Cla)) + ... + |Cls| X(Cls) X5 (Cls)))
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These create the following system of linear equations,

(X1,8) =2+ (—2) + 2(1) (@) + 2(1)(8) + 2(1)(6) = 0
(X2,8) = 2+ (=2) + 2(1)(@) + 2(=1)(8) + 2(—1)(6) = 0
(X3,8) =24 (=2) + 2(=1)(a) + 2(1)(8) +2(-1)(6) = 0

(X4,S)y =2+ (-2)+2(-D)(a) +2(-1)(B) +2(1)(6) =0

which in turn yields the solutions o = 3 = § = 0. Our result is Xg = [2,-2,0,0,0].
Now that we have a complete set of irreducible characters for both groups, we can

compare them. We find that D4 and Qg have identical character tables, overlaid below.

Dy {1y %y {r,r3)} {s,sr?}  {sr,sr3}

QB {1} {_1} {’L,—Z} {]7 _.7} {k7_k}
X1, X1 | 1 1 1 1 1
X2, X2 1 1 1 -1 -1
X3, X3 1 1 -1 1 -1
X4, X4 1 1 -1 -1 1
XR, Xs | 2 -2 0 0 0

This example shows that non-isomorphic groups may have identical character tables.

Lemma 2.2.16. Let p,, ps, pt be representations of G such that py = pr. @ ps. Then x,, =

Xp'r + Xps °

Recall from Definition 2.1.12 that p; & p2 may be put into block diagonal form by
changing basis. Furthermore, the trace of a matrix is independent of basis and Tr(A) +
Tr(B) = Tr(A + B). Then by definition of x,, the above holds.

This lemma extends Theorems 2.1.15, 2.1.16, 2.1.17, to the characters of a representa-
tion. This means that the product of two irreducible characters is a character of G - one
which can be decomposed uniquely into a sum of irreducible characters. More explicitly,

if G is a group with « irreducible representations, then it is the case that for any two
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irreducible characters x;, x;, their product x; - x; is also a character of G' and

«
Xit Xj = Z%Xk
k=1

=aix1+a2x2 + ... + aaXa-

The multiplicities a are one of the key components in constructing the McKay graph of

a representation, which we will discuss in the next section.
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Graphs of Representations

We introduce two types of graphs related to any given group: the Cayley graph and
the McKay graph. Though the former has little to do with representation theory, its
familiarity provides a nice setting for the more complicated McKay graph. We lead the
reader through some graph theoretical definitions and introduce a method of constructing
the McKay graph of a group’s representation. This is to give background for the proof of

Theorem 4.1.3.

3.1 The Cayley Graph

Definition 3.1.1. A symmetric subset of G is a set S C G such that 1g ¢ S and if

g €S, then g7 € S as well. A

Example 3.1.2. Recall Qg from Example 2.2.15. All of its conjugacy classes, except for
the identity, are symmetric subsets. This is evident upon writing them out: {—1}, {7, —i},

{j,—7}, {k,—k}. Any union of these is also a symmetric subset of the group.

Example 3.1.3. The set S = G — {1g} is a symmetric subset of G for any group G.
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Definition 3.1.4. Let G be a group and let S be a symmetric subset of G. Then the

Cayley Graph I'g of G with respect to S is defined by the following rules:

1. The vertex set V(I') is equal to G, and

2. There exists an edge between vertices g1, g2 € V(T') if g195 les.
A

Example 3.1.5. Let G = S and let A = {(12),(13),(23)}, B = {(123), (132)}. It is easy
to see that A, B are each symmetric subsets. Then the Cayley graphs I'4,I'p of G with

respect to A and B are

OO
(123) (132) (123)  (132)
VNN
(12) (13) (23) (12) . (13) _ (23)
|
N 0 — 0
T4 I'p

Example 3.1.6. Now let G = Z/7Z and let S = {2,3,4,5}. We take G to be the additive

group, so e = 0. Then I'g of G is

3.2 The McKay Graph

Given a group G with irreducible representations p1, p2, ---, pa, €ach p; has an associated
McKay graph I',, which we derive through tensor product decompositions of the repre-
sentations’ characters [2]. This is best constructed through My, , the adjacency matrix of

I'y,. For the sake of notation, let us rename this M,,.
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Definition 3.2.1. The adjacency matrix Mr of a graph I' is a square matrix of size

|[V(T)| x |V (I')| where the ijth entry is nonzero if there exists an edge between vertices v;

and v;. AN

Suppose that for some G, we want to construct I',, the McKay Graph of its irreducible

representation p;. The first step in creating the adjacency matrix M), is to compute

o
Xpi " Xpj = Z M(5,k) X pr
k=1

= MG 1)Xp1 T M(2)Xp2 T o+ M(j,0) Xpa

for each irreducible p; with 1 < j < . Then the row vector [m(j,1),m(j,2),...,m(j,n)]

becomes the jth row in M,,. This gives us a formula for M, in terms of m; ;)

m(lvl) m(lvg) e m(l’a)
M, = |1 e e e
m(ml) m(az) e m(ma)

Theorem 3.2.2. For a group G with « irreducible representations, the adjacency matrix

M,, = I, if and only if p; is the trivial representation.

Proof. Suppose for p; # p1 we have M), = I,. Then m; ;) = 0 for i # j and m; ;) =1
otherwise. Since p; is not the trivial representation, it is the case that x,, - xp, = Xp; by
Theorem 2.1.16. Then m(; ;) = 1 but by hypothesis, ¢ # 1. This contradicts M,, = I,.

Now suppose M,, # I,. Then there exists some j such that m;; # 1 or m;;+; = 0.

This means x1 - xp; # Xp;, Which contradicts the definition of p;. O

Corollary 3.2.3. I'; is totally disconnected if and only if p; is the trivial representation.

We only consider nontrivial edges here. More concretely, the self-loops resulting from

nonzero entries on the diagonal of M,, are ignored.

Example 3.2.4. Let G = S3 and let us construct the McKay graphs for each of its

irreducible representations. Below is its character table, for reference.
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[0 (12) (123)

yvi|1l 1 1
o |1 -1 1
3|2 0 1

We now compute y; - x; for fixed ¢ = {1,2,3}. The symbol - will denote the dot product

of rows (that is, [a,b,c] - [d, e, f] = [ad, be, cf]). We derive the following:

X1 X1 = [17171} [17171] = [17171] = X1
X1 X2 = [17 ]-7 ]-} : [17 _]-7 ]-} = [17 _]-7 1] = X2
X1 X3 = [1) ]-7 ” . [2707 _” = [2707 _1] = X3

X2 X1 = [17_17 1] . [17 17” - [17 _]-a 1] = X2
X2 X2 = [17717 1] : [17717 1] []-a ]-a ]-] = X1
X2 X3 = [17 -1, 1] ’ [2707 _1] [2a0a _1] = X3

X3 X1 = [27()’ _1] ' [17 171} = [2707 _1] = X3
X3 X2 = [27()’ _1] : [17_1> 1] = [anv _1] = X3
X3 X3 = [2701_1] : [2707_1] = [4707 1] =X1+tX2+Xx3

Recall the formula for the adjacency matrix M,, from the previous page. Using the above
tensor product decompositions, we construct the adjacency matrices for the three repre-

sentations of Ss.

100 010 0 01
010 1 00 0 0 1
0 01 0 01 111
My, Mp,y Mpg
These matrices yield the graphs below, respectively.
(D) (D) (D)

Ce ) o ) o e )
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Example 3.2.5. Since the character table determines a group’s McKay graphs, it is the
case that D, and (g have the same McKay graphs. We skip I', since its adjacency matrix

is Is. For reference to the computations, here is the character table from Example 2.2.15:

Dy | {1} {7} {nr} {s,sr?} {srsr®}

QS {1} {_1} {ia_i} {]7 _]} {ka_k}
X1, X1 1 1 1 1 1
X2, X2 1 1 -1 -1 1
X3, X3 | 1 1 -1 1 -1
X4, X4 1 1 1 -1 -1
XR, Xs | 2 —2 0 0 0

Using this data, we compute the tensor product decompositions.

X2 X1 = X2
x2-x2=1[1,1,—-1,—-1,1
X2 xs =[1,1,-1,-1,
X2 xa=[1,1,-1,-1,
Xz xr=[11,-1,-1,

: [1,1,—1 1,1 =[1,1,1,1,1] = x1
<[1,1, —1]=[1,1,1,-1,—-1] = x4
1 -[1,1,1,—1 —1]=1[1,1,-1,1,—-1] = x3
1]-[2,-2,0,0,0] = [2,-2,0,0,0] = xr

—_
e

X3 X1 = X3
X3'X2:[17]-7—1717 —1f-

] 1,1,—1 1,1]=1,1,1,-1,-1] = x4
X3 xs =[1,1,-1,1,-1]-

]

]

[
1,1, —1]=[1,1,1,1,1] = xs
[

[

X3 X4 = []-7 ) 1) ]-a -1 1) ]-7 ]-a _1 1] = [1) 17_17 _17 1] = X2
s xr=[1,1,—1,1,—1]-[2,-2,0,0,0] = [2,~2,0,0,0] = yr
X4 X1 = X4

x4 x2=1[1,1,1,-1,—-1] - 1, -1,1]=[1,1,-1,1,-1] = x3
X4 X3 = [171717_17_1] [ ) 1717_]—] [1717_17_]-71] = X2
X4 xa=1[1,1,1,-1,-1]- [1 1,1,-1,-1] =[1,1,1,1,1] = x1

x4 xr=1[1,1,1,-1,-1]-[2,-2,0,0, 0] [2,-2,0,0,0] = xr
XR X1 = XR

XR X2 = [2,-2,0,0,0] - [1,1,-1,-1,1] = [2,-2,0,0,0] = xr
XR X3 = [2,-2,0,0,0] - [1,1,-1,1,~1] = [2,-2,0,0,0] = xr
XR'X4—[2,_27070>O] [

[ |- [

XR " XR = 27_2707070

1
1,1,1,-1,-1] = [2,-2,0,0,0] = xr
2,-2,0,0,0] =[4,4,0,0,0] = x1 + x2 + X3 + X4



30 3. GRAPHS OF REPRESENTATIONS

These yield the following nontrivial adjacency matrices and their respective graphs,

with vertices labeled 1,2,3,4 and 5 corresponding to the irreducible representations

P15 P25 P35 P4, and R:

01000 3 *
10000 >
00010 ° °
00100 *
00001 )
MP2 Fpg
00100 * *
00010 | |
10000 1 °
01000 *
00001 )
Mes Loy
00010 3 *
00100
01000 1 °
10000 *;
00001 )
MP4 Fp4
00001 3 *
00001
00001 1 °
00001 e )
11110 Tr

Example 3.2.6. Multiplicities greater than 1

Let G = A4. Displayed below is its character table, which we use to compute x,, - Xp,-

i
Here, w = €°™7/3.

10 (12) (123) (12)(34)
x1 | 1 1 1 1
x2 | 1 1 w? w
xs3 | 1 1 w w?
xa | 3 -1 0 0
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See that

X4 X4 =[3,-1,0,0]-[3,—1,0,0] = [9,1,0,0].

Notice that the direct sum x1 + x2 + X3 + x4 yields [5,2,0,0]. This tells us that for at

least one Y;, its multiplicity is greater than 1. We then obtain the correct decomposition,

X4 Xa = X1+ X2+ X3+ 2x4.

In order to show the McKay graph of this representation, we must compute x4 - x; for
i = 1,2,3. From the character table, one can see that x4 - x; = X4, so we omit these
calculations in favor of brevity. We show the resulting adjacency matrix M,, and McKay

graph I',,. The vertex ¢ corresponds to p; and we label the edge of nontrivial weight.

000 1 *3 *2
000 1 \‘
M,, = — ] 4
=100 0 1 O
111 2 —
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4
Results in Ordinary Representation Theory

In this chapter we discuss two new theorems in ordinary representation theory. The first
theorem focuses on the representations of direct products of groups and what this means for
the McKay graphs of direct products of groups. The second theorem establishes formulas

for the McKay graphs of D,,.

4.1 Direct Products of Groups

As we look at more complicated groups, the number of conjugacy classes grows, thus
increasing the number of irreducible representations a given group has. This makes char-
acter tables difficult to generate by hand and increases the complexity of tensor prod-
uct decompositions. Because of this, we rely on the Magma Calculator available at
http://magma.maths.usyd.edu.au/calc/ to provide us with character tables. We also use
Mathematica to aid in tensor product decompositions. An example of the two methods
can be found in Appendices B.1 and B.2, respectively.

We now present a preexisting theorem having to do with the representations of the

direct product of two groups, G1 X Ga, followed by our extension of this theorem.
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Theorem 4.1.1. [6, Thm. 10, 3.2] For any irreducible representations p;, p; of groups
G1, G2 respectively, p; @ pj is an irreducible representation of Gi x Ga. Furthermore, each
irreducible representation of G x Gz is isomorphic to some p; @ p; where p;, p; are each

some irreducible representation of G1,Go.

A similar fact exists for the character of a representation. Specifically, for x1, x2 of

(1, G5 respectively, it is the case that

Xp1p2 (91, 92) = X1(91) - X2(92) (4.1.1)

for (gl,gg) € G1 x G and g1 € G1, g2 € Go. [6, 3.2, p. 27]
Our goal is to extend the above to McKay graphs. First, let us show an example demon-

strating the feasibility of this.

Example 4.1.2. Let G = S35 and recall the adjacency matrices for its McKay graphs from

3.2.4:

Let us compute the nine Kronecker products My, @ M, in order to compare these to
My, , which correspond to the irreducible representations oy, of S3 x S3 for k =1,...,9 and

will be constructed afterwards. We obtain the following;:

My, ® My, = Iy

(NN
-
= 0o o
oo
l=Ne]

Mpy @ Mpy = [

o o
[eNoNeNoNeNoNeNel
[eNeoleNoleNol leNe}]
[=NoNeNoh e NoNe N
[=NeNoNoNolNeNeNe]
OO0OO0OROOOOO
O OO0OO0OOOOO0O
[=Nel i olleNeNoNe N
EleNeoNoNoNoNeNoNe}

el
Il
‘Cccococococoro

1 0
Mp; ® Mpg = 8 1

=OoOo
==}
- oo
==

[eNoNeNoNeNoN T NoNe]
[=NoleNoNeNaol N
[=NeNe oo No o N
QOO OOOOO
OO0~ HOOO
HOOOOOOOO
HOOOOOOOO
-0 00000

e
Il
©ococococoroo
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—
oocoocococoo-

oOocoococooHO
o000 HOO
[eReolololoBolcRol =]
[=RoNelelooNoRaNol
lallelelololeioleio]
OO0 O0O~+00O0
o000 HOOOO

[=NeNoloNoloo o=}
- - - - - - -

—
[eReR ]

.000000001_
ococoocoo—=HOO
QOO0 O0OO0OO—HO
OO -HOOOOOO
alieNelololololoeio]
oO—HOOoOoOOoOOOO
OO0 O 00O
OCOoCO~0OO0OO0OO

_000010000

SCocooco=mm
coococoocoo-
coococococoo-~
~HHOOOOOO
co~ooocooo
co~ocoocooco
coo-HHOOO
coooco~o00O

MUOOOO_IAOOO

So-“0c0~0O
o~oo~0O0~O
HOOHOO OO
coocococococo~
coococococo~O
coocococo~00O
coococococoo~
coococococo~O

_000000100_

—
oo~

-~ OO

—
oo~

]\/IPS ® NIP]

So-oo-OO
~oo-H0O0~0OO
oHoOHOOMO
coocoocococo~
coocococo~o0O
coococococo~0O
coococoocococo~
cocoocococo~o0o0O

_000000010

HoA A A A A A
coHoo~oo~
cCoOoOHOOHOOH
coocococo -~
coocococococo~
cococoocococo-~
coocococo =~
cocoocococococo~

.000000001.

—
oo~

- O O

(=R N

AlPS ® AIPQ

—
—

(=Rl

oo -

—

OO~

oo =

Mp, ® My,

We must now compute M,, of S3 x S3. Below is the character table of S3 x S3 generated

by the Magma Calculator via the code CharacterTable(DirectProduct(Sym(3),Sym(3)));.
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Class |

9
6
6

2 3 4 5 6 7 B8
3

3

1
1

8 2 2 4

1 2 2 2 3 3 3

Order |

.1
X2
.3

1
-1

1
1
-1
-1
-1 @8 -1
-1 8 1
-1
-1

1 1 1 11
1-1 111

-1
-1

1
-1

1
1

1
-1

-11 1 1

1 1
1

-1 1 111

.4
.5
X.@
K7
X.8
x.9

-1
-1

2 2 86 @ 2
-1 2

2

-2 8 @8 2

a
a

-1

2 @ 2 @
2 8
4 @ © @

1

-1 2
-2

-2 @

-2 1 @ @

“ Xoms Which we leave out for

This provides us with the data needed to decompose X,

brevity’s sake. The above gives us

[ ——
[ejeNeloRaloNoNoll

ococoocoo—=H0OO
OO0 OO0OO—HO
OO0 O =000
o000 HOOOO
oO—HOOCOoOOoOOO
O OO OOOOOo
OO0 O0OO0OO0O

OO HOOOoOOO
it |

[ ——
[=RelolalololoNall

ococoocococo—HO
OO0 O0OO0OHOO
OO0 HOOOO
[=NeNoNoRokolooNal
(=Rl oNeloloRolalol
OO0 00O OO
O OOOOOoOOOo

O—HOOOOoOOO
it |

E)
<
Il
—
5
=

Moy

Moy

SCocococoOo
cooococooco~
cocoococooco~
HoHOoO-OOOCO
oc-oHO~MOOO
cooco~oooo
coooco~oO0O
cooco-ocooo

_000001000_

3
B

rllllllll_
cococoH~OO~
cooco-~0O~

OO0 O0O0O

)
coccococoH—H— Db

B

OO0 OoOO0OOO~
[=lejelololoNoNas
OO0 O0OOCOOO

_000000001_

SCocococoOo =~
cooococoocom
cocoococooco~
oc-oHOMOOCO
HoHOoO-OOOO
cooocomoo0O
cooco-oooo
coococo-ooO

_ﬂvOOOlOOOO_

Mgy

Soco-—OO—
~HOo0O0OO0~OO
coHHOOOHO

OO0 O0OO0OO0OO

0
cococoococo~ b

B

ocoocooco—~=00o
oo ocoo—=0OO
OO0 O0O0COO—HO

_ﬂvOOOOOOlO_

Socoocococococo~
cococococo~0O
cocoococoo~oO
cooco-ocooo
coocooco~moo0O
H~ooococoocoo
o~oococoocoo
co-ocococooco

_nUOOlOOOOO_

3
=

Soco-—0OO—
corHOoOO~O
~HOoO0O0OO~=OO
coocoocococoo~
coocococococo~
cocoococoo=oO
cocoococoo~oO
coocococo-ooO

_nUnUOOOOlOO_

Mgy

Upon inspection, it is evident that M,, ® M, # M,, unless i = j = k = 1. However,

the reader may have noticed patterns in M, similar to the earlier Kronecker products.

For example, one can see that M,, for k£ = 7,8,9 all have a 6 x 6 block of zeros in the
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same location as that of M,, ® M,,. This suggests that there may be more to M,, than
was evident upon first inspection.

For M,, in particular, observe that swapping row 3 with row 4 and columns 3 with
column 5 gives us M,,g,,. Then a change of basis - which amounts to listing oy, Cl; in
a different order within the character table of S3 x S3 - may generate M, such that the
equality to Mp,g,, holds.

We create a method of generating a character table of Sg x S5 under the desired order.
First we make a notation change, for if the order of the characters changes, then the
subscripts of o; will change as well. To avoid confusion, let us call our newly ordered
representations 7, for m = 1,...,9. We create 7,,, by exploiting the isomorphism property
discussed in (2) of Theorem 4.1.1. More specifically, we compute x,,,, for each conjugacy
class Cl;Cl; of S3 x S3, where Cl;, Cl; denote the conjugacy classes of S3 and p; ® pj = oy,.
We can do this by Equation 4.1.1 and the fact that characters are class functions. For

example,

Xpaops = [(X2(Cl1) - x3(C)), (x2(Clh) - x3(Cla)), (x2(Clr) - x3(Cly)), (x2(Cl2) - x3(Cl)),
(x2(Cl2) - x3(Cl2)), (x2(Cla) - x3(Cl3)), (x2(Cl2) - x3(Cl)), (x2(Cls) - x3(Cla)),
(x2(Cls) - x3(Cl3))]
=[(1-2),(1-0),(1-(=1)), ((=1) - 2),((=1) - 0). ((=1) - (=1)), (1-2),(1-0), (1 - (=1))]

=[2,0,—1,-2,0,1,2,0, —1].

This corresponds to the sixth row of our new character table, shown on the following page.
Of course, o, = oy, for some nine pairs (k,m). For the above example of m = 6, k = 6
satisfies this. However, it is not the case that k& = m for every pair (k,m). One can see
this by noting the difference between the rows corresponding to k = 3 and m = 3 in the
two character tables. We now present the character table resulting from this method of

construction.
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ClLiCly ClLCls ClCly ClCly CleCly  ClsCly ClsCly Cl3Cls

clhLCl

X1 =01

X1

X1°X2 =02

X1°X3 =03

X2 X1 =04

X2 X2 =035

X2 X3 = 0¢

X3 X1 =07

X3 X2 =08

X3 X3 =09

This table yields the following M, :

Cococoo O — — —
cCoococoo oo
cCoococo0co0 oo —
SO0 A A O O O
cCcoococo 0o o
coococo 00O
HHH OO OO0 OO
co~ocoocococoo
SCoO—~o o000 OO
cCoocococooco o —~
coococoo oo
cCoococoooco O
cCcoococo 0o O
coo~ococooo
cCcooco oo oo
co-Hoco0oo0o oo
e === N R R e Rl
OC—HO0OO0O0 00 OO

i

Il

=

Mo,

Mo,

[0 0 0 001 0 0 0]

000 O0O0O1O0O0OQO0
000111000
001 0O0O0O0O0OOQ O
001 00O0O0O0O

111000000
000 0O0OO0O0OTO01
000 0O0O0O0O01
0 000O0O01T11

[0 0 001 0 0 0 0]

0001 0O0O0O0FO
00 0O0O0O1O0O0OQO
01 00O0O0O0O0OO

10000O0O0O0TO
001 0O0O0O0O0GO
000 0O0O0OO0OT1F® O
000 0O0OO0OT1QO0FO0
000 0O0OO0OO0O01

[0 0 01 0 0 0 0 0]
000 01O0O0O0OQO
00 0O0O0O1QO0O0OQ O

1000 0O0O0O0O0
01 00O0O0O0O0OOQ O
00100O0O0O0OGO
000O0O0OO0OT1QO0F O
000O0O0OO0OO0OTF® O
000O0O0OO0OO0OU 01

Moy

Moy

Mg,

__111111111
co o0 -0 o —
R B B o B R e
S OO OO O —~ —~ o
cCocococoo o —~
cocoocococoo o —
S OO OO O —
cCoococooo o ~
SCoocooco oo~
cCo—Ho0oO0 -0 O —
OO0 100 0O
oc~o0co0o 00 0O
coococooco o~
coocococo oo
coocococoo —~oO
cocoococococo o —
coocococo oo
Sooco0o00 o —HO
cCo—-Ho0oO0 -0 O —
e R R B R o SR )
o0 00 0O
cCcoocococooco o —
coocococoo—~oO
coocococo oo
coocococoo o —
coocococooo —~o
cCoocoo0o0—~0O

Mo,

Moy

Mo,
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It is clear that each M,,, created using this character table is of the form M), where

om = pi @ pj. Furthermore, m = 3(i — 1) + j.

We now present our extension of Theorem 4.1.1.

Theorem 4.1.3. If p and o are representations of groups G1, Go with adjacency matrices
My, My respectively, then My ® Mo is the adjacency matriz of p ® o : G1 X Gy —

GL(Vy x Vi) where My ® My denotes the Kronecker product of My, Ms.

Proof. Let G1, G2 be groups with irreducible representations p1, po, ..., pn and o1, o9, ...,

om respectively. Then for each p; and o, their adjacency matrices are

[aq1) age) 0uz) a4 - G|

a2,1) A22) G(23) Q24 - 42n)
M, = 1931 932 933 9434 -+ @3n)

_a(n,l) a(n,Z) CL(n,3) a(n,4) a(n,n)_

and

[0y bag) bas baay - bam)

by be2) beg  bea - bom
M, = |ba1 be2 baz Obea - bem

Oy bm2) D) bamay -+ bumm)l

These yield the Kronecker product M,, ® M, of dimension nm:
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By Theorem 4.1.1, p1 ® 01, p1 ® 02, -ory P1 R Oy P2 Q Oy vy P2 R Ty ooy P Q T4 -.ny
pn ® oy, are irreducible representations of G x Ga. Call these 7, ..., T, and choose some

Ta,73- Then 7, = p; ® 05 and 73 = ps ® 0y for 1 < 4,5 < n, 1 < j,t < m. Notice that

nm
a=1m+j and § = sm + t. Consider M, and the tensor product 7, ® 73 = ) C(BN)TA-

Then the Bth row of M, will be the horizontal vector [¢(smt,1)s C(smtt,2)s -+ Clsmt,nm))s

so M, is of the following form:

C(1,1) €(1,2) C(1,nm)
M, — C(2,1) €(2,2) C(2,nm)
C(nm,1) C(nm,2) -+ C(nmmnm)l

Note that A =¢gm +u for 1 < g <nand 1 <u < m. Then ¢@g ) = Clomtt,gmtw)- OUr

goal is t0 Show C(gmt,gm+u) = A(s,9)0(t,u)-

Observe that

Ta @ T = Tim+j @ Tem+t
= (pi ® 0j) ® (ps ® 01)
= (pi ® ps) ® (0 @ 0¢)
= ( > a(s,k)Pk) ® < > b(t,r)Ur)
k=1 r=1
= (a(s,1)P1 @ A(52)p2 D -0 (5 ) Pn) @ (b(1,1)01 © b(1.2)02 D -..b(1 )T
= a(s1)P1 @ (b,1)01 D b(t.2)02 B ...b(1 1) Tm)

D ags2)p2 @ (b1)o1 ® b2)02 ® ...b(t ) Tm)

D A(s,n)Pn @ (b, 1)01 D b(,2)02 D bt myTm)
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= a(s,1)b(,1)(P1 ® 01) @ a(51)b(1,2)(P1 @ 02) B .. © a(s,1)b(t,m) (P1 @ Oim)

D a(s,2)b,1) (P2 @ 1) D a(s 2)b,2) (P2 @ 72) D ... @ a(s2)b(t,m) (P2 @ Tin)

D a(s,m)0(,1) (Pn @ 01) @ a5 n)bir2) (Pn @ 02) D oo @ A5 0)b(tm) (P @ Tim)
= a@, b, B ags1)b,2)T2 S - D ags,1)b(t,m) Tm

® a(s2)b(t,1)Tm+1 D a(5,2)0(1,2)Tm+2 B .- (5,2)b(2,2) T2m

D a(s5,0)0(t,1) Tn—1)m+1 D A(s.n)b(2,2) T(n—1)m+2-++ D As,0)b(t,m) Tam-

Then the 8 = (sm+t)th row of M, is the horizontal vector [a 1)b 1,1y, @(s,1)b(£,2)5 -++> A(s,1)0(t,m)

A(5,2)0(t,1)5 A(5,2)0(£,2)5 -+ A(5,2)D(t;m) 5 -5 A(s,0)D(t,1)> As,m) D(1,2) 5 -+ A(s,m) D (e,m) )] Since the Fth
row of M, was defined as [C(smit,1)5 Clsmtt,2)s -+ Clsmtt,nm))> it mMust be the case that

Clsm+t,gm+u) = Q(s,q)(¢,u)- This completes the proof. O

Definition 4.1.4. Let G, H be two graphs. Then their tensor product G x’ H is defined
as follows:

1. V(G x H) =V (G) x V(H) where x is the Cartesian product and

2. There exists an edge between (u,u’), (v,v") € V(G x H) if

(a) w is adjacent to v in G and

(b) « is adjacent to v’ in H.

A

Corollary 4.1.5. If Iy, 'y are the McKay graphs of representations p, o of G1, Go

respectively, then T'y x' T's is the McKay graph of p® o.
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Example 4.1.6. We demonstrate the above using S3 x S3 once more. Let us compute

the nine T'y, x'T',, for the McKay graphs of Ss.

/
Ly, x' Ty,

L, x'T

Ly x'Tpy

!/
Lp, x'T'p,

/
R

p2 —

Ce

L]

o]

2

o]

'33 ! C.l

9

1

3

3 '3,3]
9 03,2]

¢ 3-023 @33 D

®1 2 @35 @39 D

&) = ei-e1 1)

®3—-923

o 2 037

033 = 011 ®2]

A

®33
32

31
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A~ ()

®; 3 €23 @33

. N }{ .
/

T X,F = @] o3 >< ® — .3 = @11 ®271 @3]
P2 P3

RN

®; 3 €23 03,33
O TN

2 (D) ® o> ©39 03,23
\ /\

Lpy X' Tpy = 017033 x! o1 033 — o] 3] e3;

' D) [ D) ¢ o @ 32

Dy X' Tpy = 105 ) ! o e3 ) = e11” @ e
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We will compare these graph tensor products to I',, , constructed from M, below.
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As expected, I'5,, =T, x' T, for each m. In fact, we have m = 3(i — 1) + j.

4.2 Dihedral Groups

A family of groups is unified by some underlying group structure. Since representations
of a group rely on its group structure, it is implied that families of groups will have some
underlying representation structure as well.

In this section, we will focus on the family of dihedral groups, D,,. There exist formulas
for their character tables, which will be presented over the next few pages. Our goal is to
extend these in a way that allows us to generate the McKay graphs of D,,. First, let us
discuss its conjugacy classes and representations.

For D,, where n is odd, there are "T_l + 2 conjugacy classes: {1}, {s,7s,72s,...,r" !5},
{r,r"= 1}, {r?,r"=2},..., and {rnT_l,rnT_l+2}. Then D,, has ;! + 2 irreducible repre-
sentations. In particular, there are two irreducible representations of degree 1 and %‘1
irreducible representations of degree 2. We discuss the group’s ”T_l + 2 representations in
terms of where each sends g € Cl;, a representative of a given conjugacy class. We call the
one dimensional representations of D,qq X1 and 2, where y is trivial. We have x2(s) = —1
and for g # s, x2(g) = 1. From this, one can see that I(x2) ~ {£1} C GLi(C). Let us
denote the irreducible representations of degree 2 as Ri, Ra, ..., RHT_I . We have seen one
such R in Example 2.2.15, from which we know xr;(1) = 2,xg,(s) = 0. These R; are
uniquely determined by where each sends the conjugacy class of 7, so we say R; the rep-
resentation for which Tr(R;(r)) = w’ + w7 with w = e%. Using the above notation, we

present the character table for D,q4.
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n—1
1 s r 72 r 2
X2 1 -1 1 1 1 1
- — n—1 _(E)
X Ry 2.0 w4 wt w? + w2 2 4w 2
XRy |2 w? + w2 wt 4+ w™? . w4 (D)
. —1 —1
xn, |2 PR R S
—1 —1 —1 1 1 1 4 1
Xr, o |2 0 wz 40T T 40T W ) 4 ()
2

It is important to note how D,, for n of different parities are related. If m, n are integers
such that m|n, then there exists a subgroup H C D,, such that H ~ D,,. This becomes
clear when we envision an inscribed m—gon within an n-gon. Consider D15, for example.
We can inscribe a regular 3-gon and a regular 5-gon inside a regular 15-gon. For n = 2m,
it will always be the case that D,,, C D,,. In fact, one can find the character table of D,,
within that of D,,. However, the tables will not be the same since Z(D,,) is nontrivial.
This alters its conjugacy classes and thus its representations. Let us go into more detail.

When n is even, D), has §43 conjugacy classes. These are {1}, {s, r2s,rts, .}, {rs, s, ...},
{r,rn= 1Y {2, 2), L {r%_ljr%“}’ and {r%} Then there are § + 3 irreducible repre-
sentations, four of which are 1-dimensional. Call them x1, x2, X3, x4 where X1 is the trivial
representation and y2 is defined by x2(s) = x2(rs) = —1. The remaining irreducibles of
degree 1 function similarly to each other. Namely, we have x3(g) = x4(g) for g # s,rs and
x3(9) = —x4(g) otherwise. Then their labeling is arbitrary. For the sake of consistency,
we will say x3(s) = 1 and y3(rs) = —1, thus fixing x4(s) = —1 and x4(rs) = 1. Then
x3(r) = xa(r) = —1, which means xy34; (rg) is determined by whether or not n = 0
(mod 4). If so, we have X{374}(r%) = X343 (1°°") = (xq3,43(7))" = (=1)**" = 1. On
the other hand, n = 2 (mod 4) implies 5 is odd, so X34} (r%) = —1 by similar reasoning.
As with Dy,qq, we have S(xqix1y) = {£1} € GL1(C) for Deyen as well.

We now move on to the remaining 5 — 1 representations, all of which have degree 2. As

with D,, for odd n, let us call them R1, Ro, ..., R%,l. Once again, we define R; such that
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Tr(R;(r)) = w? + w™ where w = e n . The general character table of Deyep is presented

below.
n n
1 s TS r r2 r271 r2
X1 T 1 T T T T 1
X2 1 -1 -1 1 1 1 1
n
X3 101 -1 -1 1 —x3(r2) 1
X4 111 -1 1 —x3(r?2) x3(r2)
2 0 o0 -1 242 T4, (37D I
XRq w+ w w4+ w w +w w2 4w = -2
XRq 2 0 0 w2 w2 wtrw? w2(%71)+w72(%71) w2(%)+w72(%) =2
XRg 2 0 0 w3+w73 w6+w76 w3(%71)+w73(%71) wB(%) +u73(%) = -2
XRn 2 0 0 wr lpem(BD gne2y—en 0 ((B-DP L SIE-D (B0 4~ (5D L
n_1
2

With regards to the last representation of degree 2, we have XR%_1 (7"%) =-22forn=0,2
(mod 4), respectively.

Now that the reader is familiar with the general character tables of D,,, we can present
our derived tensor product decompositions. From these, we will generate the adjacency
matrices of each group’s McKay graphs. There is significant overlap in the decompositions
for odd and even n, so we present the two together. One will be able to distinguish which
cases apply to which parity by following the subscripts of the characters. For the more

complicated decompositions, we show that each holds for the group generators s and r

rather than iterate over each conjugacy class.

1. (trivial) x1- X% = xx and x1 - XR, = Xr; by Theorem 2.1.16.
2. Xk - Xk = X1 since (£1)? = 1.

3. X2 XR; = XR,- One can see from either character table that for nontrivial x2(g), we
have xg,(g) = 0. More explicitly, either x2(g) - xr;(9) = (1) - xr,(9) = xr,(g), or

x2(9) - Xr;(9) = (=1) - 0 = xg,(9).

4. x2 - X3 = x4. As with the following two decompositions, this is fairly obvious from

looking at the character table. We show this for s,r € D,,. See that x2(s) - x3(s) =

—1-1=—1=y4(s) and x2(r) - x3(r) =1- (1) = =1 = x4(r).
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5. x2 - xa = x3. Similarly, x2(s) - xa(s) = —=1-—=1 =1 = x3(s) and xa(r) - (xa(r) =

11 = 1= xs(r).

6. Xx3-x4 = Xx2- Again, x3(s)-x4(s) =1-—1 = —1 = xa(s) and x3(r) - xa(r) = —-1-—1 =

Ixa(r).

7. X3°XR; = X4 XR; = XRy _,- First note that n is even since we discuss x3, x4. Then
2
n . . (ﬂ+ ) n_ .
—1 = w2, so we can rewrite X34} (7)-(xr; () = (=1)- (W +w™) =w' 2V +w2 ™7 =

n . n .
w27 4 w2 =y, (r). For g = s,rs we have xg,(9) =0 and £1-0 = 0.
57‘7

8. For = %, XR,"XRr, = X1+ X2+ X3+ Xx4. The requirement on ¢ implies n = 0 (mod 4),

which means its roots of unity are symmetric about both the real and imaginary axes.

I3

_n n _n 2(@) 72(H)
In other words, w4 = —w™ 4. See that xg, = [2,0,0,wd +w 4 =0, w4’ 4w "4/ =

I3

3( 3(

) = 0,.,0@DT 4w DT =9 = [2,0,0,0,-2,0,2,...,2]. Then

I3

)+w_

IS

—2,w
XR@ : XR@ = [47 070)07470747 74} = X1 + X2 + X3 + X4-

20 <
n—20 ¢>
Consider yg,(r) = w’ +w™. See that yg,(r) - xg, = (W' +w™)? = w? + w0 + 0+

9. For £ # [ %], XRr, - XR, = X1 + X2 + XR, Where k =

S a3

w2 =24+ w?* + w™? which by definition equals x1(r) + x2(r) + Xp,, (r) for £ < 2.
For larger ¢, this follows from the fact that we can rewrite
w2£ + w—2£ — w2£—n+n + w—2€+n—n

20—n W + wn—QZ LW

= w
— w2€—n(1) + wn—%(l)

=w (20 4 w" 2% and so we have

= XRn72E (’r)

as desired. For g = s,rs, see that (xg,(9))*=0>=0=1-1+4+0= x1(9) + x2(g9) +

Xry,(9)-
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10. Without loss of generality, let £ > j. Then for £+j = 3, Xr; *XR, = X3+ X4 T XR,_;-

See that xr, (1) - xr, (1) =

(wé + wé)(wj +w—j) — wl-‘rj + w—f-‘rj + wé—j er—é—j
= w% +w ) 4 ytd —{—w_%
= 1+ ) (-1

= x3(r) + xR, (1) + xa(r).

For g = s, s, the reasoning from (9) applies since x3(g) = —xa(9).

4 l+j <3
11. Otherwise, Xr. - XR, = XR,_ .+ XR, Where k = 2 Continuin
T e T no(+)) (48 :
from line 1 of the equations in (10), we can see that w7 + w7 4 w7 4 w7 =

w4+ w9 4 whT 4+ w9 which suffices for £+ j < 2. For £+ j > Z, this

simplifies further:

Wit + wf(erj) 4 Wt + wf(ffj) — ytti—ntn + w*(ZJrj)Jrnfn + XA (7,)
_ wf(nf(@rj))wn + wnf(€+j)wfn + XBe_; (’I”)
— (=) o yn=(0+)) | X, ()

= XRn—(£+j)(T) + XR,_; ()

as needed. For g = 5,75 we have xg,(g) - Xg,(9) = 0> = 0+ 0 = xr, (9) + x&,_, (9)-

This lets us generate M, of D,, for any reprsentation p. From this, we can create I',.

Below are several examples for varying n and p.

Example 4.2.1. Let G = Dyg. We create M, and Mg, using our formulas and construct

I'ys, I'g, - The vertices corresponding to x;, xr; will be labeled 4, rj.
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Let us now look at D,, where n is odd.

D13 and let us compute M,,, Mg, with their respective

Example 4.2.2. Consider G

graphs. Notation is similar to the graphs of Dyg.
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As one can see, I'y, is fairly simple. This is because it acts as the identity on p # x{; 21,

which will be true for all D,,.

0 (mod 4).

We now provide another example of Dy, this time for n

Example 4.2.3. For D1g, we create M,,, Mg,, Mg, with their corresponding graphs.
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These examples show several patterns in the McKay graphs of general D,,. More specif-

ically,

1. I'y, will have a single nontrivial edge between x1,x2 and self-loops on all other

vertices.

n

243
2. For even n: if n = 2(mod 4), T’ will have % pieces, each consisting of two

X{3,4}

vertices connected by an edge. Otherwise, we have n = 0 (mod 4), which yields I, 5.4}
n—1 . n—1

L n_lis
2 pieces. More specifically, —2 hi

with —= 5— of them will have two vertices each,

while the last piece corresponds to R% with a self-loop.
3. I'g; is connected for all R; with the following edge patterns for a given vertex v:

(a) If v corresponds to x;, v has exactly one edge.

(b) Else for v = Ry, v has m edges where 2 < m < 4.

In actuality, we know which vertices are connected for every I',. Recall that there exists
an edge between vy, v if v1 appears in the decomposition of x,-v2. Since we have formulas
for the decompositions of all p of any D,,, we can produce identical ones for the group’s
McKay graphs. In order to avoid redundancy, we chose to highlight structural patterns of

the graphs instead.

4.3 The Steinberg Representation of SLo(p)

In addition to D,,, we discuss another family of groups, SLo(p). These groups not only
have a well-known character table of ordinary representations, but also have a good theory
of reduction (mod p) which will be discussed in the next chapter. By definition, SLy(p)
is the special linear group of 2 x 2 matrices of determinant 1 with entries from F,,.

We now discuss the p + 4 conjugacy classes of SLo(p) where 4 is interpreted as

|Z(SLa(p))|?. These are {1}, {2z}, {a}, {a®}, ..., {a’}, {b}, {b?}, ..., {b™}, {c}, {d, &%, ..., dP~ D)},
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{zc},{zd, zd?, ..., 2d® D} for £ = w-3)2,m = ®-Vf2 (or m = 1 for p = 2), 1 =
I,z = —I,a = [g 91] ,b is some element of order p + 1 that is undiagonalizable over
Fp,c=[§1], and d = [} §] where v generates the multiplicative group of F,.[3, 28]

The character table for general SLo(p) is given below, adhering to the original nota-
tion from [3, 30]. We omit the conjugacy classes zc, zd for the sake of brevity. For any

representation p, it is the case that y,(zc) = x,(2)(x,(1))"*x,(c) - this holds for zd as

well.
1 z at b c d
X1 1 1 1 1 1 1
Xy D D 1 -1 0 0
xo | p+1  (=Dip+1) 7477 0 1 1
o |3p+1) gD (1) 0 S+ vED) 31— VED)
Xe, | 3(p+1)  zelp+1) (—1)f 0 s(1—Ep)  5(1+ /D)
vo, | p=1 (-1 0 (i) 1
Xm | 3(p—1) —3e(p—1) 0 (=1t 3(=1+ep) 5(-1—Ep)
Xn | 3(p—1)  —3e(p—1) 0 (=1t 5(=1—2p) 5(-1+ 2p)

Figure 4.3.1. General Character table of SLa(p)

Here, 1 <i < (pgg),l <j< (pgl),s = (=1)""Y/2 7 is a primitive (p — 1)th root of unity,

and o is a primitive (p + 1)th root of unity.
Example 4.3.1. We will illustrate the above formulas through the character table of

G = SLy(2) ~ S3. We replicate the familiar character table below.

|0 (12) (123)

yvi|l 1 1
o |1 -1 1
ys| 2 0 -1

Notice that dim(y2) = 1 = p — 1 and dim(x3) = 2 = p. Since we are in Fy, z = 1
and ¢ = d. Because of how small our p is, a’ does not arise. The conjugacy class of
(123) corresponds to b since |(123)] = 3 = p + 1, and the conjugacy class of (12) is that

of c¢. Then clearly x2((12)) = —1 = xg,(c). See that o is a 3rd root of unity, which
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means xg,(b) = —(0 +07!) = —(—=1) = 1 = x2((123)). Similarly, x3((12)) = xy(c) and

x3((123)) = —1 = xy(b). Thus the general character table holds for SLy(2).

For any p, the group SLa(p) has a particular representation called the Steinberg rep-
resentation. It is one of the most important representations in Lie theory and is funda-
mental in the theory of reductive groups. For details, see [4]. It can be identified as the
only representation of dimension p and corresponds to v in the general character table of
SLy(p). If one wants to construct it by hand, it is Sym?~1(p); the (p — 1)th symmetric
power representation where p is the standard representation defined by p(g) = ¢ for all
g € SLy(p). The former are representations such that Sym*(p) : G — GLy1 (V). We

construct this for p = 2 and p = 3, highlighting the special case of SLa(p).

Example 4.3.2. Note: This example will not generalize to other p and does not showcase
the subtlety involved in constructing the Steinberg representation. We include it for its
UNIQUENESS.

Let G = SL3(2) once more. Constructing ¢ : G — GL2(F,), the Steinberg representation
of this group, means taking Sym!(p), the st symmetric power representation. Let g € G.
Then g = [¢ Y] where a,b,¢,d € F,. We now take the basis elements v = [§],v = [{] of

GLy(F),) and take the dot product of each with g to yield ¢¥(g) = [g - u, g - v]. This results

o= i3] L] = [
oo=lea [ = 1a

Perhaps somewhat surprisingly, this means ¢(g) = ¢. This will only happen for p = 2.

in

au + cv

bu + dwv.

The next example illustrates a more general case.

Example 4.3.3. Let G = SLy(3) with g = [‘cl g] for a,b,c,d € F3 now. Then 9 of G is

Sym?(p), the 2nd symmetric power representation, which sends elements of G to G L3(F},).
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Once again, we take the basis elements of the codomain and take their respective dot
products with g to obtain ¥ (g) = [g ~u?,g-uv,g- 112]. The former are u? = [é} , UV = {g} ,

and v? = {%] Then

g-u? = gugu = (au + cv)(au + cv) = a*u* + 2acuv + *v?
g-uv = gugv = (au + cv)(bu + cd) = abu® + (ad + be)uv + cdv?

g- 02 = gugv = (bu + cd)(bu + cd) = b2u? + 2bduv + d*v?

yield (g) =
a’ ab b2
a b
¢< [c d}) = |2ac ad+bc 2bd
c? cd d?

The previous example shows what occurs when we construct the Steinberg representa-
tion of SLa(p). Naturally, complexity increases with larger p. Because of the importance
of the Steinberg representation and the fact that there is a well-known formula for it, we
direct our focus to one of its decompositions. Specifically, we want to know how ¢ ® 1
decomposes as a direct sum. We find that the decomposition varies slightly depending on
whether p = 1 (mod 4) or p = 3 (mod 4). Using this notation discounts p = 2; this is fine
since we know ¢ ® 1) = 1¢ @ 01 & ¢, as demonstrated in Example 3.2.4.

Using the notation from the general character table of SLa(p) in Figure 4.3.1, we present

the following:

Theorem 4.3.4. 1. For p=1(mod 4), the tensor product 1 ® 1 decomposes into the

direct sum

YRV=1g06EBELD2 B2 @ 01®...803,_1)) B2(LPUD ... B ps))-
5 5

2. For p =3 (mod 4), the tensor product ¥ @ 1 decomposes into the direct sum

YOY=1lg@mEnod20Y 020200 S... 005 3) 02O UD... O (p-3))

2 2
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Our knowledge of character theory tells us that we are able to prove the above theorems

by showing
(xw())” = x1(@) + xe (@) + xeo (@) + 2xw (@) + 20x0, (@) + X, (@) + -+ X0, (@)
T
+2(x¢, (@) + xgu (o) +... + X¢(p—5) ()
T
and
(xw(@))? = x1 (@) + i (@) + X (@) + 2x0 (@) + 2(x02 (@) + X04 (@) .- X0 ,_y ()
T
+2(Xe (@) + xei (@) + -+ Xy (@)
e

hold for each conjugacy class « of SLa(p) where p = 1,3 (mod 4), respectively. We proceed
to show this for « = 1, z,a’ for 1 < ¢ < %, bmfor 1 <m < p;21,c, d, zc, zd. We now prove

this for p = 1 (mod 4).
Proof. Let = 1. Then (xy(1))? = p®. See that

X1(1) 4 Xe (1) + Xea (1) + 2x0 (1) + 2(x0, (1) + x0, (1) + - + X0, ) (1))
T2
+ 2(XC2(1) + XC4(1) +...t XC(p_5) (1))
2

= 14 5(p+1) + 5+ 1) +2p+2((p — D) + 20 + (7))

—14p+ 1420+ (p— (L) + (p+ 1)(52)

o 2_9p+1 2 _4p—5
=3p+2+ B + PP
. 2p%+—6p—4
—3p+2+%
=3p+2+p°—3p—2

We move on to o = z. Naturally, x1(z) = x1(1) by definition. However, we also have

X (1) = x¢(2) = p. Then (;,&1,&, and 6; are the only representations for which the
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character x(z) seems to differ from x(1). We will show that x(z) = x(1) for these repre-

sentations as well, implying that no separate proof is needed for a = z.

First, recall that x(,(z) = (—1)"(p+1), Xn{1,z}(z) = %5(;0—}— 1), and xg,(2) = (1) (p—1)

(p—=1) . .o .-
where ¢ = (—1) “Z~ . Notice that we only use even ¢, j in our decomposition formula and

)

= (—=1)®*" since p = 1 (mod 4). This means x¢,(z) = (1)(p +1) = x¢; (1), Xnp 0, (2) =

%(p—k 1) = X77{1,2}(]‘)’ and xp,(2) = (1)(p — 1) = xp,(1). Thus we move on to a = al.

For general ¢, we have (X¢(a4))2 =1, so we need to show equality to

x1(a) + xe (a°) + Xea () + 2x (@) + 20x0, (a) + X0, () + -+ x0 ) (@)
T2

+ 2(XC2 (aé) + X (af) +o+ XC(p,g)) (aﬂ))
2

=1+ (1) + (D) 4 24 200 + 2 + 77 + (74 77

T (T(<p;s>)g +T—(@)e))
(p—5)/2
=142 ng ) for odd ¢ and

(p— 5)/2
=5+ 2( Z X¢; (a)) for even £.

(p—5)/2
where 7 is a primitive (p — 1)th root of unity. Then we need to show Z x¢, (@ at) =0

(p—5)/2
when ¢ is odd and Z x¢;(a’) = —2 when £ is even.

Let 8 = 72¢. Since 7 is a primitive (p — 1)th root of unity, then 72 is a primitive @th
root of unity. On the other hand, 72 is not necessarily primitive. Regardless, we can now

rewrite

(p—5)/2

D Xala) = () () g (0

_(r
=(B+B)+ (B +87)+ (ﬂ K +ﬂ ).
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Set N = @5 Then M —on 42 N+1 =81 and N = -5 — N 12 We

incorporate this into our notation to obtain

1, 42, a2 =5 (p=5) e o N
=B+ BN 4 52 BN 4 BN 4 N2

=B+ B4+ BV 4 BN gL

This is similar to the expanded geometric series %, without a select few terms. Then

we can rewrite our last equation

N+2

BHB2+. +N + N2 g = % —1— BN+ and since g2V+2 =1,

=0-1- N+

Then we must show —1 — AN+ =0, or V! = —1 for odd ¢, and —1 — N+ = —2, or

BN+ =1 for even ¢. Now let £ be odd and see that

(=1 , , (p=1) . D
=(r 2 )" "7 2 but since 7 is primitive

= (=1)*"}(=1) and £ — 1 is even since / is odd,
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This completes the proof for odd ¢. For even ¢, 3! becomes

—1
- (72(@2 )))%

= (rP1)3

= (1)2

=1.

since 7 is a primitive p — 1th root of unity

Thus we can move on to the next set of conjugacy classes. For a = b™, (xy(b™))? =

(—1)? = 1. Then we must show that 1 =

X1(0™) + xey (07) + X (07) + 2x (07) + 20X (0™) + xca (0™) + - + X (5 (B))
5

+20¢0, (0") + X0, (™) + -+ X0,y (B™)

2
—14+0+0—-2+2((0)22) £ 2(—(0*" + 072™) — (6™ + o~ *™)

= 142"+~ (¢t ... —(c 2 "H+o 2 ™M)

(p—-1) -1

=120 to ™MyomypomL 4o 2 Mre 2 M)

where o is a primitive (p 4+ 1)th root of unity. Then it suffices to show that

(p—1) (p—1)
oMM p o p gt pgTIM 402 Mo 2 M=

We do this by setting v = 0™ and M = @. Then 7 is a (p+ 1)th root of unity as well,

o . ... (p=1) _ M-1 _(p=1) _ M+1
though it is not necessarily primitive, and == = 5=, =~ = 75

. Substituting
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and M into the above equation yields

12 2 e D) M-1, .2,  M-2
Y+ T+ +y Ty 4+ 4 =9+ +7"+
M-1 M+1
Tty 2 4y 2
-1 M+1

Notice that there are no integers between % and % Keeping this in mind, we once

again, we put our equation in terms of a geometric series. This results in

M—1 M+1 oM
THEYP+ o+ T 2 M =

and since 7 is a (p 4+ 1)th root of unity,

17M
2 1=0-1=-1

as needed. This completes the proof for o = b, so we move on to a = ¢. For this conjugacy

(p—1)

class we have (x4 (c))? = 0% = 0. Now recall that e = (—=1) 2 = (=1)®*" = 1 since p=1

(mod 4). Then we need to show the following equals O :

X1(6) + Xer (¢) + Xez (¢) + 2xu(€) + 2(Xez (¢) + Xea () + -+ Xe(, 5 (€))

+2(x0,() + X02(0) -+ Xo ) ()

2
=1+ 3(1+ VD) + 5(1 = v/&p) + 200+ 2(1)(252))) + 2((-1)(Z2))

—

= 1_1_1_,_2((?15)) _2((1)21))

=9 + 2((1’25)) _ 2((1711))

=924+ (p55) (pgl)

_ p—p—5+1
=2+ 5
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which completes the proof for a = c.

Now let o = d. Notice that for all p # &;, one can see from the character table that
Xp(€) = x,p(d). For p = &, we have x¢ (¢) = xg(d) and xg,(c) = x¢, (d). Then the sum
of the characters in our tensor product formula is identical for o« = ¢ and « = d, which
means we do not need a separate proof for &« = d now that we know the formula holds
for a = ¢. This lets us move on to a = z¢, a conjugacy class that was omitted from the
character table.

Recall that for any representation p, it is the case that x,(zc) = x,(2)x,(1) " x,(c).

1

Then .y (2¢) = X (2)Xp(1) " txyp(c) = p- 5:0=0s0 (x¢(2¢))? = 0 as well. Then we must

show 0 =

x1(2)x1(1) 7 xa(e) + xe (2)xe; (1) xer (0) + Xew (2)Xea (1) xes (€) 4 20xw (2)x (1) " xy(0))
+ 2((XC2 (Z)XC2(1)71XC2 (c)) + (XC4 (Z)XC4(1)71XC4 (C))

+...t (XC(p_5) (Z)XC(p_5) (1)71XC(p_5) (C)))

2 2 2
+ 2((X02 (Z)X02(1)_1X02 (C)) + (X04 (Z)X94(1)_1X04 (C))

()
0
2 2 2
=1+ Gelp+ DG+ 1)) 501+ vEp) + (3elp+ D(5(p+ 1)) 5(1 — \/Ep)) +2(0)

+2(((p+ Dy ()25 + 200 — D () (- 1) ).

-1

p—

While the value of x¢, (zc) depends on the parity of i according to the character table,
we use even 4 and so X (zc) is the same for all 4, letting us group them together. The

same goes for 6;. We then use the fact that ¢ = 1 to turn the above equation into

L 51+ VED) + 51— VER) +2()(27) + 2((-1)EFH) = 2+ 2()(EF) +2((-1) )

_ p—5—p+1
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as desired. By the same reasoning that o = d was proved alongside a = ¢, the proof for
« = zc holds for a = zd as well. Thus we have proved our decomposition formula for all
conjugacy classes of SLy(p) where p =1 (mod 4).

We now prove the decomposition formula for p = 3 (mod 4).

Let a = 1. This gives us (xy(1))? = p*. See that

X1 (1) + 20 (D) (1) + 206 (1) + 2(x6, (1) + X04 (1) - X0,y (1)) +
2
2(XC2(1) + XC4(1) +-+ XC(p_3) (1))

1+ L1+ S — 1) +20) +2((p - 1(E) +2((p+ 1)(552))

=l+p-1+2p)+@-DE-3)+{@+1K-3)

=3p+pp-3)
_ 2
=3p+p°—3p
:p2

We now move on to a = z. Observe that for all representations except 11,12, it is
explicitly clear that x,(1) = x,(z). For (;,0; this holds since we only use even i, j in the
decomposition formula). For 1 and na, xp, ., (2) = Ste(p — 1). However ¢ is defined as
(=1) 2 = —1 since p = 3 (mod 4). Then _716(]9 — 1) = p — 1, showing that 7y, 72 have
the same character values for conjugacy classes 1 and z as well. Then in showing that our
formula worked for @ = 1, we have shown the same for a = z. Thus we can move on to
a=a'.

For this conjugacy class we have (x,(a))? =1 and
x1(a%) + Xy (a°) + X (a) + 2x0(a”) + 2(x0, (a) + X0, (@) - X0, _y, (a))
2

+2(x6:(0") + x¢a(0) + -+ x¢ g ()
2

=1+0+0+2(1) +2((0(%52)) +2((+% + 772

—+
)
>
~
+
B |
N
\_()>
+
+
—~
2
[N}

=3+2((*+r )+ (M L+ (r 2
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where 7 is a primitive (p — 1)th root of unity. Then our goal is to show

p—3 p—3
() L (M (2 2 =1

Let 3 = 72¢. Then 8 is a % = Nth root of unity, not necessarily primitive, and %

%. Substituting these terms gives us

N-1 N-1
2 2

B+B N+ (B+B-2)+..+(8 2 +8 2)
T N i =B+p2+ B3+ .+ N
=11

since it is a geometric series. Because 8 is an Nth root of unity, this simplifies to

as desired. We move on to our next group of conjugacy classes, for which a similar proce-

dure is needed. We have (y,(b™))? = (—1)? =1 and

X1 (6™ (67) 20 (67) + 2 (6™) + 2 (x, (6™ + 0, (B™) + -+ x_y) (B7)+
2

2(XC2 (bm) + X (bm) +t.o..t XC(p_3) (bm))

2
=1+ (=)™ 4+ (=)™ 4 2(-1)+

p=3 p=3
2(—(® 407 2) — (0" + o) — .~ (0 2 "+o 2 ™)) +2(0(2))
where o is a primitive (p + 1)th root of unity. Notice that the desired value of the main
parenthetical depends on m’s parity, and thus results in two cases. When m is odd, we
have

p—3 p—3
172((0_2m+0_—2m)+(O_4m+0_—4m)+‘_.+(o_ 3 erO'_ 2 m))

SO we want

(@02 + (" o) 4+ (02 Mo 2 ™) =0
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in order for the equation to have the value (x(b™))? = 1. Similarly, even m yields

p—3 p=3
—3-2((@*+ o) + (" + o7 ™)+ (02 "+ 2 ™)

signifying that the following should be the case:

p—3 p—3
(0.2m+0.—2m)+(0.4m+0.—4m)+'“+(0_ 3 m+0_— 3 m):_2'

(p—3)/2
We proceed to work solely with > xp,(b™) for general m. Using a similar method of

Jj=2

14

substitution as when a = af, we let v = 6?™. Note that this is a %th root of unity, not

necessarily primitive, and let M = 22 Then 2M + 2 = 2t and —22 = —M = M + 2.

This gives us
(@ + o) 4 ("Mt o) 4 k(02 e 2™
= +r D+ Hr+ M+
=+ M+ P+ MM

b2 M M 2

This can be rewritten as the geometric series

1_72M+2 M+1
i — 1—7 .

Recall that « is a % = (2M + 2)th root of unity. Then this yields

p+l

Now let m be odd. Then m — 1 is even and mT_l € Z. This gives us

pt+l pt+l
_1_(0_2m) 4 :_1_(0_2)m 4
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Recall that ¢ is a primitive % root of unity. Then this simplifies into

)T ) = - ()T
=1 (-1)
=141
—0

which concludes the proof for 5°%.
When m is even, 5+ € Z. Then
R O L
_ 1 (o) BHED
— 1 ()'T)E
=-1-— (1)% since o2 is primitive
=—-1-1
=2

as desired for 6°V*". This allows us to move on to a = c.

Note that as in the case for p = 1(mod 4), x,(c) = x,(d) unless p = n1,72. For the
latter representations, it is the case that x,, (¢) = X, (d) and xy, (d) = Xy, (c). Then
Yo arXp(c) = > apxp(d) for ag, p as in our decomposition formula, so it suffices to show
that this holds for the conjugacy class a = ¢ only. We have (xy(c))? = 02 = 0, so we must

show the following equals O:

X1(€) + X (€) + xna (€) + 2xw(€) + 2(Xea(0) + xca () + -+ X g (€)

2
+ 2(X92 (¢) + xo,(c)+ ...+ xo (p—3) (C))

2
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= 1+ 5(=1+ VD) + 5(=1 = v&p) +2(0) + 2()(#7%) + 2(- (%))

=1 1+2((P23)) _2((7’23))

=0.

Finally, we reach the last pair of conjugacy classes, zc and zd. Recall that x,(zc) =
Xp(2)Xp(1)71x,(c) for any p. Because of the fact that x,(c) = x,(d) for p # n1,m2, we
have x,(zc) = x,(zd). However, we have x,, (c) = Xx,(d) and xy,(c) = xx, (d), so it is the
case that Y arx,(zc) = Y arx,(2d) for a,p as in our decomposition formula. Then we
need only show that said formula holds for zc.

We have (xy(2¢))? = (xp(2)xe(1) xy(c)? = (p- }170)2 = 02 = 0. It remains to show 0 =

X1(2)x1 (1) 7 X1 (€) + X (2)Xmn (1) ™ Xy (€) 4 X (2) X (1) ™ X (€) 4 20x0(2) X0 (1) ™ xws(€))
+2((xe (2)xe (1) xe (€) + (xe (2)xe (1) xeu(€))

s (W @)

=1+ (=3e(p— 1) (5(p = 1) 3(~1+ Vep))

+...+ (Xg(p_5) (Z)XC(
2

+2(((0+ D i (N(EE) +2(((0 - D(E) (D)) ().

As in the proof for p = 1 (mod 4), we group X¢, which each other since i is even, and

similarly for xp,. Recall that € = —1. Then the above simplifies to

1—1+0+2(82) —2(23¥) =

Thus the decomposition formula holds for all conjugacy classes of p = 3 (mod 4), conclud-

ing the proof. O
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D

Conjectures in Modular Representation Theory

5.1 Introduction

Recall that an ordinary representation sends G to GL(V') where V is a vector space over
some field K of characteristic 0. A modular representation sends G to GL(V’) where V'
is over K’, a field of characteristic p for some prime p dividing the order of G. Among
many other consequences, modular representations are not completely reducible, negating

Maschke’s theorem (2.1.17). We illustrate this in the following example.

Example 5.1.1. Let G = Cy, the cyclic group of order 2 and consider p : G — GL2(2).

We define p such that

P =y 3] md o =[]

See that

=0 ) -1 - 90

in characteristic 2. This shows that the multiplicity of G is preserved, so p is a faithful

representation. Notice that p is not irreducible since [}] is stable under p(g). Furthermore,
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there is no complementary subspace W to [}] such that V' = W @ [}]. This means p is

not completely reducible.

Thus we run into representations that are neither irreducible nor completely reducible,
which means we cannot concern ourselves with tensor product decompositions. In turn,
we are unable to create McKay graphs for such representations.

Further issues arise for groups G which contain elements of order p” when we attempt

to construct representations of GG in characteristic p.

Example 5.1.2. Let G = (), and recall that there are p disctinct irreducible represen-
tations of (), in characteristic 0. We will illustrate that this is not the case for p : G
— GL1(F}). See that since |[F,| = p—1 and since it is cyclic, it has no nontrivial elements
of order p. In contrast, all elements of (), have order p, which means any representation

of this group in characteristic p is trivial.

When given a group G, there will be two general ways to create its modular represen-

tations:

1. Take some ordinary representation p of G and reduce it (mod p). We call this

Redy(p).

2. Find modular representations that arise solely from the characteristic of the field.

These do not have analogues in characteristic m # p.

For reference, p : Co9 — GL2(2) from Example 5.1.1 falls into the latter category. This
is because (p(—1))? # I, unless we are in characteristic 2. With regards to representa-
tions from the first category, there exists a theorem which determines whether Red,(p) is

irreducible. Namely,

Theorem 5.1.3. [8, 7.3, Theorem 2.6] Let p be a Q-representation of G of degree d. If p

is prime to 5 where n = |G|, then Red,(p) is irreducible.
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It is important to note that the converse of this statement is not necessarily true. More
explicitly, there are groups G with ordinary irreducibles p of degree d such that (p, %) #1,
yet Redy(p) is irreducible. We will see an example of this in the next section.
There exists a theory of modular characters, but it is beyond the scope of this project.
Moreover, it is difficult to find the modular characters of a given group G. For a basic
introduction, we refer the reader to [8].

We now proceed to illustrate that there is a significant difference between the ordinary

and modular irreducible characters of a given group.

Example 5.1.4. Let G = As. Below are its ordinary and modular character tables, which
we obtained from the Magma Calculator via the code CharacterTable(AlternatingGroup(5));

and [5] respectively. The latter table is of characteristic 2.

() (12)(34) (123) (12345) (12354)
x| 1 1 1 1 1
2|3 - 0 55 1xs
xs | 3 1 0 s 156
X4 | 4 0 1 1 1
Xs | 5 1 1 0 0

Cli- Cly Clg  Cly
X, | 1 1 1 1

Xp| 2 -1 TS 16

I+v5  —1-V5
Xz 2 -1 R =
Xy 4

1 -1 -1

Observe that 2, X3, and x5 are not present in characteristic 2. The fact that X9 and X3
look similar to y2 and x3 is purely coincidental, for X5 and X3 correspond to represen-
tations of As unique to characteristic 2. On the other hand, we can apply Theorem 5.1.3
to x4 and obtain the following: since |G| = 60, it is clear that 2 is prime to 60/4 = 15.
Then p4 is irreducible in characteristic 2. More explicitly, X4 = Reda(p4). This means we
can use X (g) to determine which conjugacy class of A5 each Cl; represents. We find that

Cly« = (), Cly» = (123), Cl3« = (12345), and Cly» = (12354). See that for g that consists
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of two 2-cycles, |g| = 2. Then g = () in characteristic 2. This explains why the conjugacy

class of (12)(34) is not explicitly present in the modular character table of our group.

The next two sections will explore the irreducible modular representations of D, and
SLy(p) in a similar fashion. Additionally, we will present several conjectures of tensor

product decompositions for each of the two groups.

5.2 Dihedral Groups: D, (mod 2) and D, (mod p)

Having created formulas for the tensor product decompositions of the irreducible ordinary
representations of D,,, we were curious to see if similar formulas existed for modular
representations. As general D,, has fairly complicated modular representations, we instead
look at D,,. More specifically, we map this family of groups to the algebraic closures F,
and F,. We replicate the ordinary character table of D, below, with w = e’™/7 as it will

be used to construct the relevant modular character tables.

p—1
1 s r r2 r

X1 1 1 1 1 1 1
X2 1 -1 1 1 1 1

1 2 2 = —&h
XR. 2 0 w+w” W +w” w2 +w 2
Xr, |2 O w? 4 w™? wt+w? WPt 4 = (1)

gP=1 gp=1
XRs 2 0 W+ w3 W +w W2 4w 3
XR,_q 2 0 wp2;1 +w_(E) w2(p2;1) +w_2(L;1) w%(%) —|—w_(%)(p771)

2

Remark 5.2.1. [3, 8.1] Let g be prime and let Cly,...,Cly be the conjugacy classes of
D,, for which (|g|,q) = 1 where g € Cl, and 1 < k < i. Then A = # of irreducible

representations D, has in characteristic g.

Let us use the above remark to determine how many irreducible representations D, has in

characteristic p. As discussed in Section 4.2, D,, has (p=1)/242 conjugacy classes. These are
p=1 p-l1

{1}, {s,rs,7%s, ...,rP~Ls} {r,vP~1} {2, 7P2} ... and {r 2 ,r 2 +2}, with elements of

order 1,2, p,p, ..., and p respectively. Then there are two conjugacy classes with elements
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of order prime to p, which means D,, has two irreducible representations in characteristic
p. Alternatively, there are (p—1)/2 + 1 conjugacy classes with elements of order prime to
2, so D, has (p=1)/2 irreducible representations in characteristic 2. We now present the

character table of D, in characteristic p.

1 s
x1|1 1
x2 |1 -1

See that py has degree 1, but (p, QTp) # 1. Then ps is a modular representation that is ir-
reducible despite not having satisfied Theorem 5.1.3. This is to show that the converse of
said theorem does not necessarily hold. Since the above is a small character table, we can
easily see that xs - x2 = x1 corresponds to our only nontrivial tensor product decomposi-
tion. Then the formulas (1) and (2) for the ordinary tensor product decompositions of D),
hold in characteristic p as well. We will see that something similar occurs in characteristic

2.

Take any ordinary irreducible representation R; of D), which has degree 2. Since (2, 2—2”) =

1, we know that Redg(R;) is irreducible by Theorem 5.1.3. Note that there are @ such

R;, which will account for @2;1) irreducible representations in characteristic 2. Along with

(»—1)
2

the trivial representation, this gives us the +1 irreducible representations of D,,. Since
the representations of degree 2 remain irreducible after reduction, it suffices to use the
ordinary character table and interpret the complex characters as elements in the algebraic
closure of F2. We can do this because p is an odd prime, so the algebraic closure I, contains

all pth roots of unity. Let w be a fixed nontrivial pth root of unity in characteristic 2. Then

the modular character table for D, (mod 2) is given by the following:

p—1
1 T r? o2
X1 T T T 1 T
p—1 _(p=1
XRedo (R1) 2 w4 wt w2 4w w 2 4w =)
XRedo (Rs) 2 w2+w_2 w4+w_4 wp_1+w_(p_1)
p—1 _3(b=1
XRedg (R3) 2 w34+ w3 w8 + w6 352 )+w 3(55)
p=1 _(p=1 p=1 _gcb=l p—1 p—1 _(p=1lyp=1
Xredg(Ry_gy) | 2 @ T 4w T AR LR B D)
p—
2
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Without loss of generality, let £ > j and let us see what happens to the general character
dot product xr; - xr,- Clearly xg, (1) - xr,(1) = 4. We proceed to focus on the conjugacy

class of 7, since this determines the product for all other conjugacy classes as well. Then

W W™ (W +w) =T It
— w£—j + w_(g_]') + wf‘i‘j + w_(f‘f'j)
= XR,_; (1) + xR, ()

+3j (45 < 5]
p—(+j) L+5>|5)
formulas for the ordinary representations of D,,. The proof of this is identical to that of

where k£ = { as in (11) of the tensor product decomposition
(11), so we do not replicate it here.
As the reader may have predicted, our result for the decomposition of xged,( R;)"XReds(R;)

is similar. We focus on the conjugacy class of r once more. See that

(WH+w P =w¥ +uw +w +w™
=w¥ +2+w ¥

= 2X1(7) + XReda(Ry) (T)

20 (< |

where k = L) as in (9) of the original tensor product decomposition for-
n—20 (> %]

mulas. Once again, the proof of the above is identical to that of (9), with x; replacing x2

in the decomposition since no such 2 exists in characteristic 2.

From this we gather that the tensor product decomposition formulas for the ordinary
irreducible representations of D,, hold for the modular irreducible representations of D,,.
Then we can create the McKay graphs of D), for any p in characteristic 2 and characteristic
p. Since the tensor product decompositions of the group’s modular characters are essen-

tially the same as that of its ordinary characters, the McKay graphs of D), in characteristic

2 and p will be very similar to its ordinary McKay graphs.
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5.3 The Steinberg Representation: SLy(p) (mod p)

Let us move on to our other family of groups, SLa(p). We look at its irreducible modu-
lar representations in characteristic p. As in the previous section, we present its ordinary
character table for reference in constructing its modular characters. The Steinberg repre-

sentation is denoted by 1, as before.

1 z at b c d
X1 1 1 1 1 1 1
Xo P P 1 -1 0 0
X¢i p+1 (=Di(p+1) 74 77% 0 1 1
Xeo | 3(p+1)  gelp+1) (—1)f 0 s(1+Ep)  5(1—/Ep)
Xe | 3(0+1)  gelp+1) (—1)* 0 3(1-yvEp)  3(1+EP)
xo; | p—1 (=1)/(p—1) 0 —(0/" +07I™) -1 -1
Xm | 5(p—1) —3e(p—1) 0 (=1t %(—1+\/@) 3(=1— /D)
X | 3(p—1)  —3e(p—1) 0 (—1)mHt 3(=1—=2p) (~1+/2p)

It is known that [SLa(p)| = p® — p = p(p+ 1)(p — 1) [3, 5.1]. Then by Theorem 5.1.3,

we know Red,(¢) is irreducible since (p, 2 = 1. This reinforces the possibility of

(p+1)(p—1))
P
there existing a formula for the tensor product decomposition of Red, (1)) ® Red,(v) for

any given p. First, let us discuss all modular irreducible representations of the group for

a given p.
(p=3)

Recall that SLo(p) has p+4 conjugacy classes, which are {1}, {2}, {a}, {a®},....,{a” 2 },
(b}, {b?}, ..., {b@}, {e} {d,d?,....dPV} {zc},{zd, zd?, ..., 2PV} for 1 = I,z =
—Ir,a = [8 vgl] ,b is some element of order p+1 ,c=[}1], and d = [} ¢] for v such that
(v) = F},. Then by definition of v, |a¥| = p — 1 and |d| = p? for some integer j. This gives
us enough information to know which congjugacy classes of SLo(p) have elements of order
prime to p. These are {1}, {2}, {a},{a?}, ..., {a’}, {b}, {b?}, ..., {b™} with elements of or-
ders 1,2,p—1,....,p—1,p+1, ..., p+1 respectively. Altogether, this yields 2+ %%—% =p

such conjugacy classes. Then by Remark 5.2.1, SLa(p) has p irreducible representations

in characteristic p.
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It is known that the full list of irreducible modular representations of SLa(p) are Sym”(p)
for K = 0,...,p — 1. Recall that for representations of this form, p is the standard repre-
sentation and k € Z, . See that since Sym*(p) is defined over the ground field, we do not
need to consider the algebraic closure Fp in order to obtain modular representations of
the group as was needed for D,,. For ease of notation, we will denote SymF(p) by ¢i. Then

¢o is the trivial representation and ¢,_; = Red,(v).

Conjecture 5.3.1. The tensor product Redy,(1)) ® Red, (1)) decomposes into the direct sum
300 ® 4o B 4py D ... D 4dp_3 D 20,11

Let us show that this decomposition holds for conjugacy classes 1 and z. It is the case
that the character values ¢ (1) = ¢r(z) for any ¢y, used in the above decomposition. Then

it suffices to show that the decomposition holds for the identity conjugacy class. See that

360(1) +4p2(1) +404(1) + ... + 4dp—3(1)+2¢p-1(1) =3 +4(3) +4(5) + ... +4(p—2) +2p

(p—3)/2
=344 (2k+1)+2p
k=1
(p—3)/2 (p—3)/2

=3+4(2) k) +4> 1+2p
k=1 k=1

a 8((?;3)((1053) +1))
2

=3+ 4225y +2p -6+ 2

+4(22) 1 2p

—

=3+(@-3)p-1)+4p—6
=3+p’—4p+3+4p—6

:p2

as desired. We have checked that the above holds for other conjugacy classes on a case by

case basis. This provides good evidence for our conjecture, but is not a proof.
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Preliminaries

Below is an exercise from a Bard course on Representation Theory taught a few years ago
to illustrate the nuances of stable subspaces. This is referenced in 2.1.6.

Exercise: Write out the alternate proof of Mashke’s Theorem using an inner product when
k=R or C.

SOLUTION. Let (, ) be an inner-product on V. Define a new inner-product (, )new by
(@, Y)new = _(p(9)7, p(9)y)-
geG

Start by checking that is indeed an inner-product. First, ( , )new is linear in both
variables since matrix multiplication is linear, and it’s a finite sum of such. Explicitly, if
{e1,e2,...,en} is a basis for V, and o = ) ase;, y = > fje;, then we need to check that
<$a y>new = Zi,j aiﬁj<e’i7 ej)new:

(@, Ynew = Y _{p(9)z, p(9)y)

=
= g;;@(g) > e plg) Y Bies)

= §<Z aip(g)ei, Y Bip(g)e;)

_ 2;2 3B {(p(g)eir lg)es) (since {, ) is linear)

— gz aiej %;p(g)ei, p(g)e;) (since the sums are finite)

= Z aiﬁj <€i7 €j>new-

i’j
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Moreover, it’s easy to check that (z,z)new > 0 with equality precisely when x = 0.

Next, we should check that the new inner-product is invariant under the action of G:

(p(h)z, p(h)Y)new = Y _{p(g)p(h)z, p(g)p(h)y)

geG

= (p(gh)z, p(gh)y)

geG

= (plo)z, p(o)y)

oceG

= <$, y>new-

Now let W C V be G-stable, and let W+ be the orthogonal complement to W under
the new inner-product, i.e.

W ={veV : (wv)new =0 for all w € W}.

Let © € W+ so that (w,2)new = 0 for all w € W. We need to show that p(h)z € W+
for all h € G. But for any w € W we have

Therefore W+ is G-stable. This finishes the proof since dim W + dim W+ = dim V.
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Sample Code

B.1 Magma

Character tables are difficult to produce by hand, so we turn to an online resource. More
specifically, we use the Magma Calculator at http://magma.maths.usyd.edu.au/calc/. In
general, the command

CharacterTable(G’);

yields the character table of the group G where G’ is the notation for G used by Magma.
We go through the calculations needed to obtain the character table of Dg as an example.
The code CharacterTable(DihedralGroup(8)); generates

Class | 1 2 3 4 5 & 7
size | 1 1 4 2 2
Order | 1 2 2 2 4 8 &
p =2 11112 5 5
X.1 + 1 1111 1 1
¥.2 + 1 1-1 1 1 -1 -1
.3 + 1 1 1-1 1 -1 -1
X.4 + 1 1-1-1 1 1 1
X.5 + 2 2 @ 2-2 @ @
X.6 + 2-2 B 8 @ Z1 -7l
X.7 + 2-2 8 8 @-I1 I1

Assuming no previous knowledge of the characters of Dg, this we can also find in Magma.
The console includes an explanation of character value symbols alongside each generated
character table. Here, it defines Z1 via the following:

Z1 = (CyclotomicField(8: Sparse := true)) ! [ RationalField() | @, 1, @, -1 ]

Then we can obtain the minimal polynomial of Z1 and solve for the variable. The code
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MinimalPolynomial((CyclotomicField(8: Sparse := true)) ! [ RationalField() — 0, 1, 0, -1 ]);

yields the solution

$.1~2 - 2

which, by adopting the notation used, is
2 — 2.

Then
(Z1)2—2=0= Z1 = +V2.

Since Z1 and —Z1 are featured interchangeably in the character table, we allow sign
ambiguity. Reflecting on our knowledge of the characters of general D,, we know Z1 =
e2™/% 4+ ¢72™/8 — \/2 which matches the output from Magma.

We see that obtaining character tables in Magma is fairly straight forward. For
the two infinite families of groups this project focuses on, the codes for the char-
acter tables ofre CharacterTable(DihedralGroup(n)); for that of D,, and Charac-
terTable(SpecialLinearGroup(2,p)); for the that of SLo(p) for any positive n,p. The
Magma Calculator was an important resource for this project and we thank the University
of Sydney for providing public access.

B.2 Mathematica

We now demonstrate how to decompose a tensor product in Mathematica by using
G = SLy(11) (mod 11) as an example. More specifically, we are looking for the decompo-
sition of the Steinberg representation in characteristic 11 with itself, ¥ ® 1.

The first step is to replicate the group’s character table in matrix form. Here we can
afford to take a shortcut, for we know that the decomposition of 1) ®1 only involved repre-
sentations of the form x;(1) = x;(2) since (xy(1))? = (xy(2))%.. Thus we eliminate Xeyen-
We begin by replicating the character table such that it only includes representations that
may appear in the decomposition at hand. The following encodes this:

npE= A=4{{1, 1,1, 1, 1, 1, 1, 1, 1, 1, 1},
{3, 3, -1, 0, 0, -b5, -bS, -bSs, -bSs, 2, 2},
{s, s, 1, -1, -1, o, 0, 0, 0, 1, 1},
{7, 7, -1, 1, 1, b5, b5, bSs, bSs, -1, -1},
{9, », 1, 0, 0, -1, -1, -1, -1, -2, -2},
{11, 11, -1, -1, -1, 1, 1, 1, 1, -1, -1}}

Here, b5 = # and bbs = _15‘/5. One can see these characters clearer in matrix
form, easily identifying which row corresponds to which representation. Conveniently, row
i corresponds to y; for us.
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81
M= MatrixForm [A]
MatricForm=
(11 1 1 1 1 1 1 1 1 1
3 -1 0 0 (-0 1o 1. 1.3 2 o2
3 1 -1 -1 Q 0 Q Q 1 1
7 o-101 1 -iedEooloaf touE touE g g
9 5 1 0 0 -1 -1 -1 -1 -2 -2
11 11 -1 -1 -1 1 1 1 1 -1 -1

Since there are six representations, we create a vector containing six variables. Each
serves as the coefficient of a representation. Multiplying it by A yields the system of equa-
tions we solve to obtain our answer. The code for these steps is below.

Sol={a, b, c, d, &, £}

wif= {a, b, c, d, &, £}

Sol.A

<-a—3b—5c—']"d—9e—11f, a+3b+5c+7d+9e+11f, a-b+c-d+e-f, a-c+d-£f, a-c+d-1£,

(1 /5 (1 s (1 /5 ) (1 5 )
a—‘—— ‘ ‘——— ‘d—e—f,a—‘—— ‘ —‘——— ‘d—e—f,a—‘—— ‘b—‘——— ‘d—e—f,
lz 2 2 l2 2 2 2z | 2 2
1 "\"’g 1 "\."’g .
a—‘—— ‘b—‘——— ‘d—e—f,a—2b—c—d—2e—f,a—2b—c—d—2e—f.
|2 2 2 2 -

Solve[121::a+3b+5c+?d+ge+11f&&

121 ==a+3b+5c+T7d+9e+11 L &&
l=ca-b+oc-d+e-1 &k
l==a-c+d-f&&
l==a-c+d-f&&

1 V5 1 5
l==a+|—--—|b+|[-—+ — |d-ec+ k&
2 2 2

1 V5 1 5
1::a.+[—+— b+[————]d—e+f&&
2 2

l==a+2b+c-d-2e-f&&

Element[a, Integers] && Element[l, Integers] && Element[c, Integers] && Element[d, Integers] &&
Element[e, Integers] && Element[f, Integers] &&

azxD&&bz04&&c>z0&&d =z04&&k=>0&&Ff =0, {a, b, o, d, =, £}, Complexes]

[la=+3, bs4, c34,d=4,es4, £232]11

We obtain the solution

Y @Y = ap1 © bpz ® cps O dpr © epg © f1)
=3p1 ® 4p3 B 4ps O 4p7 ® dpg © 29
which supports Conjecture 5.3.1.



82

APPENDIX B. SAMPLE CODE



Bibliography

[1] Larry Dornhoff, Group Representation Theory (in 2 parts): Part A, Marcel Dekker,
Inc., New York, 1971.

[2] David Ford and John McKay, Representations and Coxeter Graphs, The Geometric
Vein (1981), 549-554.

[3] James E. Humphreys, Representations of SL(2,p), The American Mathematical
Monthly 82 (1975), 21-39.

, The Steinberg Representation, Bulletin (New Series) of the American Mathe-
matical Society 16, No. 2 (1987), 247-263.

[5] Christoph Jansen, Klaus Lux, Richard Parker, and Robert Wilson, An Atlas of Brauer
Characters, Oxford University Press, New York, 1995.

[6] Jean-Pierre Serre, Linear Representations of Finite Groups, Springer-Verlag, New
York, 1977.

[7] Benjamin Steinberg, Representation Theory of Finite Groups: An Introductory Ap-
proach, Springer, New York, 2012.

[4]

[8] Steven H. Weintraub, Representation Theory of Finite Groups: Algebra and Arithmetic,
American Mathematical Society, Providence, 2003.



	McKay Graphs and Modular Representation Theory
	Recommended Citation

	tmp.1462383939.pdf.BZhCu

