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Abstract

Tverberg’s theorem states that given a set S of T'(r,d) = (r — 1)(d + 1) 4+ 1 points in RY,
there exists a partition of S into 7 subsets whose convex hulls intersect. A feature of Tverberg’s
theorem is that T'(r,d) is tight, so in this senior project we investigate Tverberg-type results
when |S| < T(r,d). We found that in R% given a set S of T(r,2) — 2 = 3r — 4 points, and
assuming r = ri79, there exists a partition of S into r sets such that when grouped into ry
collections of r9 sets, the convex hulls of each collection overlap, and we can find the vertex set
of a regular r;—gon with one point from the intersection of each collection. We also show that
given a similar construction but with |S| = 3r — 6, we can find the vertices of an 7 —gon in the
intersections of convex hulls, with vertices on an ellipse, and other nice regularity properties.
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Introduction

In 1921 Radon published a theorem that is now foundational in convex geometry. It states
that given a set S of d + 2 points in R?, there exists a partition of S into two subsets whose
convex hulls intersect. In 1966 Tverberg generalized this result to partition .S by an arbitrary
number of subsets . His theorem states that, for any > 2, and given a set S of T'(r,d) =
(r —2)(d +1) + 1 points in R?, there exists a partition of S into r subsets such that all of their
resulting convex hulls intersect .

An important aspect of Tverberg’s theorem is that T'(r, d) (called Tverberg’s number is
tight, meaning almost any set with fewer points can’t be partitioned as in Tverberg’s theorem
. This leads us to wonder, with a smaller number of points than what Tverberg’s theorem
requires, what can we conclude? In the pursuit of some answers to the above question, we use
an alternative description of Tverberg’s theorem that we can more easily manipulate in order
to draw conclusions for collections of points where Tverberg’s theorem fails.

In Chapter 2, we show how Tverberg’s theorem can be restated such that instead of picking
points in a plane, we're choosing an arbitrary affine map from a simplex to R? . For
even d, this reformulation in terms of affine maps allows us to break them up into maps from a

simplex to R? = C.



2 INTRODUCTION

In Chapter 3, we discuss finite Fourier analysis on finite abelian groups, which we use to
construct a basis for particular affine maps that we can identify with these smaller affine maps
from a simplex to C. This basis allows us to deconstruct any of the smaller Tverberg-type affine
maps to C , and by extension any affine map from a simplex to R?¢ =2 C¢,

In Chapter 4 we demonstrate how this Fourier deconstruction of affine maps can be used
to obtain Tverberg-type theorems. We show all affine maps are completely determined by the
coefficients of their Fourier decompositions, then it can be proven exactly which coefficients
need to be eliminated to produce a full Tverberg partition . Intuitively eliminating more
coefficients from a decomposition imposes a strong condition on the function and therefore
requires a greater number of initial points. Thus, the question of how many points are required
for a conclusion becomes a question of how many coefficients were eliminated from the Fourier
decomposition of the affine map. With this in mind, we can eliminate fewer coefficients than
are required for a Tverberg partition in order to conclude something about a smaller number of
initial points. Eliminating one coeflicient less than for a Tverberg partition leads us to a different
kind of partition called a regular r—gon partition ([1] Theorem 1.1). Geometrically, in an r—gon
partition, instead of finding the same point in r convex hulls (an intersection), you find r points,
one from each convex hull, that form the vertex set of a regular r—gon . We then use
Theorem 3.1 from paper [1] to give us the conditions under which we can make a selection of
coefficients vanish (restated in . This theorem implies that an r—gon partition can occur
in R? when given 3r — 4 = T(r,2) — 2 points .

In Chapter 5 we prove a main result of this senior project, concerning the sub r—gon partition.
The same number of coefficients are eliminated as for a regular r—gon partition, but because of
the coefficients we chose to have vanish, we can create overlap in some convex hulls, and find a
point from each intersection of convex hulls to form the vertex set of a regular r; —gon, where

r1 is a factor of . More specifically,

Theorem 1.0.1. If r = ri7ro, almost any set of 3r — 4 points in R? can be partitioned

into r subsets, AL, ... AL .. ATV ... A"l such that

797 T17
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(a) N2, Conv(A}) #0,...,N2, Conv(ALY) # 0, and

(b) there exists a set of points y1 € N2, Conv(A}),...,yr, € N2, Conv(ALY) which form the

vertex set of a regular ri—gon

This generalizes the regular r—gon result since it can be recovered when r; = r and ry = 1.

In Chapter 6 we look at extensions of the r—gon result, as well as our sub r—gon result, to
higher dimensions. These results are similar to the ones of two cartesian dimensions, only instead
of finding just regular polygons, we find analogous partitions for products of polygons in R?,
called multiprisms . We also give results for sub r—gon partitions in R2?.

In Chapter 7 we ask, as we did initially with Tverberg’s theorem, what can be said for
collections of points even smaller than required for an r—gon partition. Our second major result
comes with the introduction of elliptical r—gons. The points of a regular r—gon lie on a circle. The
points of an elliptical r—gon lie on an ellipse, in addition to having some other nice symmetries
(7.1.4). For instance, when r is even, opposing edges will have the same length and be parallel.

Specifically we have the following result:

Theorem 1.0.2. Given almost any set S of 3r — 6 points in R2, we can partition S into
r subsets Ay,..., A, such that there exist points y1 € Conv(Ay),...,yr € Conv(A,) that form

the vertex set of an elliptical r—gon.

Finally, we also have results analogous to Chapter 5 for elliptical sub r—gons, once again

getting the points from the intersections of convex hulls.
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Convex Geometry Background

First, we introduce the reader to the topic with contextual definitions and theorems in convex

geometry. Then we’ll be able look at Radon’s theorem, and Tverberg’s generalization thereof.

Definition 2.0.1. We call A € R¢ convex if given any two points, =,y € A, then the line

segment joining them is also in the subset, i.e. {tz + (1 —t)y|0 <t <1} C A.

In R? convex sets can be demonstrated pictorially.

Figure 2.0.1. Convex Figure 2.0.2. Convex
Set Example Set Non-Example

Given any two points inside of a disk, the line segment joining them will also be contained
disk. In Figure we see a subset of R? in which there exist two points in the subset whose

line segment is not contained in the set, implying that the set is not convex.

Definition 2.0.2. Given a set, S, of points in R, the convex hull of this set, denoted Conv(S),

is the intersection of all convex sets containing S.
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The convex hull of a set of points is the smallest convex set containing all those points. In
R? this results in a line segment or a polygon whose vertices are points from S (Though not
necessarily all of the points from S, e.g. The convex hull of three colinear points is a line).

Examples of convex hulls for sets of 2 and 3 points are shown below.

Figure 2.0.3. Two Figure 2.0.4. Two
sets of points convex hulls

The convex hull of the two orange points is a line, and the convex hull of the three blue
points is a triangle. Note that the three blue points in Figure are affinely independent (see
Definition [2.0.14] below), and if they weren’t then their convex hull would be a line segment

instead. With this we can understand Radon’s thoerem.

Theorem 2.0.3 (Radon’s Theorem). For any set, S C R%, where |S| = d + 2, there exist

Ay, Ay CRY, where A1 U Ay =S, and A; N Ay = 0, such that Conv(Ay) N Conu(As) # 0.

This means that given d + 2 points in R?, we can partition them into two sets whose convex

hulls intersect. In R? this can happen in one of two ways.

Figure 2.0.5. First Figure 2.0.6. First
scenario points scenario convex hulls

. °
\.
°
\
\

\\

Figure 2.0.7. Second Figure 2.0.8. Second

scenario points scenario convex hulls



The two cases are distinguished by the the convex hulls chosen for them to overlap. In Figure
we see a collection 4 points in R?, and in Figure we see that those points have been
partitioned into one set of three points and a singleton set such that the convex hulls of those
sets overlap. In the second scenario, Figure and Figure[2.0.8) we can see that it was instead
required to partition the four points into two sets of two whose convex hulls cross each other.

Radon’s result was later generalized by Tverberg into r disjoint sets.

Theorem 2.0.4 (Tverberg’s Theorem). For any set, S C R?, where |S| = (r—1)(d+1)+1, there
exist pairwise disjoint subsets A1, ..., A, C R%, where Ul_A; =S, such that N]_, Conv(A;) # 0.

This is called an r—fold tverberg partition.

Informally, this means that given (r — 1)(d + 1) + 1 points in R?, we can partition them into

r sets whose convex hulls intersect.

Remark 2.0.5. The number of points required for Tverberg an Radon are the minimum. The
same is true for any greater set of points, because adding more points only makes convex hulls
larger, which will not hinder their overlapping. We’ll discuss the implications of this more shortly.

What ‘minimum’ means in this case will be explained further below.

The following is an example of Tverberg’s theorem with d = 2 and r = 3. Note that this

means (r —1)(d+ 1) +1=(2)(3) + 1 = 7 points are required.

.\ .
. N\
° \\
. . AN
e
Figure 2.0.10.
Figure 2.0.9. Set of 7 3—fold Tverberg
points intersection

Note that we recover Radon’s theorem when r = 2. The required number of points for a
tverberg partition will be of significant interest to us in this paper. For this reason, we define

this number.
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Definition 2.0.6. The number of required points for a r—fold Tverberg partition, T'(r,d) =

r—1)(d+1)+1, is called Tverberg’s Number.
(

Definition 2.0.7. We say a statement is almost always true if it occurs always except on a

set of measure zero.

Definition 2.0.8. If a statement is dependent on a number N, then N is tight if the statment

is almost always false given n < N.

Remark 2.0.9. An important feature of T'(r,d) is that it is tight. Thus given almost any

collection of points less than T'(r,d), we cannot find a full Tverberg partition.

We illustrate with an example. Tverberg’s number being tight indicates that you almost always
fail to get a 2—fold Tverberg partition given less than 7T'(2,2) = 4 points in R2. Consider the

following case in which we can Tverberg partition 3 points.

Figure 2.0.11. 3 points with 2-fold Tver-
berg partition Figure 2.0.12. Tverberg partition
It can be seen pictorially, that in order to get a 2—fold Tverberg partition with 3 points, it
is necessary for the those three points to be colinear, as the points in are. Since this is
a very specific orientation for the points have relative to one another, it follows that for most
sets of 3 points we would fail to get a 2—fold Tverberg partition. The same is true for T'(r,d) in
higher dimension, or with greater r.
Tverberg’s theorem can be understood in other contexts as well. For that we’ll need some

more definitions.



Definition 2.0.10. Let V be a vector space, and @ € R?. Then A = V +1i, is an Affine Space.
Affine spaces can be described as shifted vector spaces.

Definition 2.0.11. Let X be an affine space. A convex combination of vy, --- ,v, € X is a

linear combination Y ;" | t;v;, where t; > 0 and > " | ¢; = 1.
This leads us to an alternate description of convex hull.

Proposition 2.0.12. Let X be an affine space, and Y be the set containing all convexr combi-

nations of vy, vy, € X. Then'Y = Conv({v1,...,vn}).

Proof. Let Y be the set of all convex combinations of vy, ---,v, € X. Thus Y =
{3°1 tivy| for all sets of t; > 0 where >, ¢; = 1}. If we express the edge between v; and v,
as t;v;+tjv; where t; = 1—t;, we can see that this edge is contained in Y. Similarly, if we consider
the convex combination of a third vy, and the edge t;v;+t;v;. Assuming t,,t" > 0, and t,+t' = 1,
it follows tpvp+t (tivi+tv5) = tpvp+t'tivi+t'tjv; and tp,+t't;+t't; = (1-t')+t't;+t'(1—-t;) = 1.
Therefore, the line connecting v; and any point on the edge t;v; +t;v; is contained Y. Expanding
to the total of n initial points, it follows that Y contains all lines between those points, all lines
between points on those lines, and so on. Since Y contains all edges between points it contains,
it follows that it is convex, Y D Conv({vy,...,v,}). But also, since the convex hull must contain
all edges between its points, it follows that it must also contain all convex combinations of those

points and therefore Y C Conv({vi,...,v,}). Thus Y = Conv({vy,...,v,}) O

Definition 2.0.13. Let X and Y be affine spaces. The map f : X — Y is an affine map if
fltivg + -+ tyvp) = tif(v1) + -+« + tuf(vy) for vy, v, € X, and t1,--- ,t, € R, where

tid b, =1

Note that this implies that, with an affine map, convex combinations in X are mapped to
convex combinations in Y. However, it is also important to note that the definition [2.0.13|includes

t; ¢ [0,1]. This means the definition of affine maps is more general than just sending convex
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combinations to convex combinations. These maps send points in X to points in Y, lines in X

to lines in Y, etc.. Affine maps also preserve parallel lines.

Definition 2.0.14. The points zq, - ,x, € RF are Affinely Independent if z1 — zg,z2 —

g, - , Ty — xg are linearly independent.
Now we define the simplex, which is a triangle generalized to arbitrary dimensions.

Definition 2.0.15. A N—Simplex (symbolized by AY) is the Convex Hull of N + 1 affinely

independent points in R? for d > N.

For example, a 0—simplex is a point, a 1—simplex is a line segment, a 3—simplex is a triangle,
and so on. In the case of the 3—simplex, it is clear that it’s vertices and edges are subsets of it.

The following generalizes this concept.

Definition 2.0.16. A k—face of a N—simplex is the convex hull of k 4+ 1 of the N orignal

affinely independent points. Thus a k—face is a k—simplex.

By [2.0.12, the N —Simplex made from a set of affinely independent points, x1,--- ,zy41 € RY

is the set of all convex combinations of those points:
AN = a1z + -+ app1ony1]a; > 0Vi,and ap + -+ aygg = 1} (2.0.1)

As the the only convex combination of a point is itself, the 0—faces of AN are the vertices
Z1,- - ,TN+1. Similarly, the 1—faces are the line segments between any two vertices, and a
k—face is the convex combination of k vertices.

Now we can restate Radon’s theorem in terms of affine maps. If X is an affine space, and
v, ,v, € X, then for an affine map f, by definition it follows f(> 1, tiv;) =
Sy tif(vi). Therefore f is completely determined by the images of vy, -+ ,v,. For this reason

we can equate arbitrary points in R? with affine maps from a simplex.

Theorem 2.0.17 (Affine Radon Theorem). Let AT be a (d + 1)—dimensional simplex. For
any affine map f : AT = Re, there exist two disjoint faces o1, og of A such that the images

of the faces overlap, i.e. f(o1) N f(o2) # 0.
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We show two examples with affine maps f and g, where d = 2, below.

fib)

d f(d)

b f(c)

Figure 2.0.13. Affine Radon First Scenario
g(b)

| g(0)

+g(d)

Figure 2.0.14. Affine Radon Second Scenario

Above we see two scenarios in which an affine map is mapping faces of a 3—simplex onto the
plane.

In Figure given the images of the points a,b, ¢, and d, the selection of disjoint faces
of the simplex, Conv({a,b,c}) and Conv({d}), allowed the images of those faces to overlap, i.e.
f(Conv({a,b,c})) N f(Conv({d})) # . In Figure the affine map g mapped a, b, ¢, and d
differently than f. This required a different selection of disjoint faces of the simplex, Conv({a, c})
and Conv({b,d}). With this choice, we see that f(Conv({a,c})) N f(Conv({b,d})) # 0

In the original formulation of Radon’s theorem, points in the plane were chosen arbitrarily,
in this version, the affine map is arbitrary, and consequently maps the vertices of the simplex
onto the plane arbitrarily. Thus Affine maps from an N—simplex to R are equivalent to N + 1

points in RY.
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We noted earlier that in two dimensions there are two types of intersections that one can get

with Radon’s theorem (Figures [2.0.6| and [2.0.8)). This is reflected in the affine version, because

there are only two ways to pick two disjoint faces of a 3—simplex.

Similarly, we can restate Tverberg’s Theorem in terms of affine maps.

Theorem 2.0.18 (Affine Tverberg Theorem). Letr > 2, andd > 1. Now let N = (r—1)(d+1),
and AN be a N—dimensional simplex. For any affine map f : AN — RY, there exist r pairwise
disjoint faces, o1,--- 0, of AN such that the images of the faces all overlap, f(o1)N---Nf(o,) #

0.

Here we see N = T'(r,d) — 1 because the N—simplex has N +1 = T'(r, d) points, as Tverberg’s
original theorem requires. As T(r,d) is tight, so is N. In this paper we will explore conclusions

that can be drawn with smaller N.
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Fourier Analysis for Finite Abelian Groups

In this chapter we set up a finite Fourier basis to deconstruct affine maps like the ones found in
the Affine Tverberg (Theorem . This is all in the effort to produce Tverberg-type results
when N < T'(r,d) — 1. It is important to note that the results in this chapter are not unique
to this senior project, and are standard. The following is one reference for this material [2]. I
include them because they were new to me, and if the reader chooses to read through them, they
give a better understanding of why we are able to get the results we do in subsequent chapters.
Section [3.1] and [3.2| set up for Section [3.3, which has the main result of this chapter that will be

referenced frequently.

3.1 Groups and Operations

The affine maps we’re hoping to deconstruct map from a simplex to C. In chapter [4] we’ll be
able to associate points chosen from pairwise disjoint faces of a simplex with the elements of
finite abelian groups. For this reason, since groups have regularity we can exploit, we’ll be able
perform finite Fourier analysis on maps from G to C instead. First, we’ll define a set of such

maps.

Definition 3.1.1. Let G be a finite abelian group. Define L?(G) = {All maps f|f : G — C}.
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The set L2(G) can be shown to be a complex vector space under function addition and scalar
mutiplication (Note that a complex vector space is a vector space whose field of scalars is the
complex numbers). This follows from the definitions of function addition and scalar multiplica-

tion of functions.

Remark 3.1.2. It can actually be shown that L?(G) is isomorphic to the set of all linear
combinations of group elements, C[G] = {EgeG Agg|Ag € C}. Specifically, by letting Ay = f(g)

for any f: G — C, L*(G) can be identified with C[G].

This chapter focuses on establishing a basis for L?(G) so that we can decompose its elements.
For our later work, like verifying the orthonormality of the elements of our basis, we will need

to define an inner product for L?(G).

Definition 3.1.3. For f1, fo € L*(G), let

(f1, F2) = & Lgee F1(9) F2(9)-

Note that f2(g) € C, and f2(g) denotes the complex conjugate of fa(g).

It can be shown that this inner product is:

(a) anti-commutative: (f1, f2) = (fo, f1) for all f1, fo € L*(G).

(b) Positive definite: (f, f) > 0 for all f € L?(G), and (f, ) if and only if f = 0.

(c) Linear/Conjugate Linear: For all f1, f2, fo € L*(G), (f1, fa+ f3) = (f1, f2) + (f1, f3,), and
<f1 + f2,f3> = <f1’f3> + <f2af37>a and for A € C’ <>‘f17f2> = A(flaf2> and <f17>‘f2> =
X f1, f2)

Our inner product being positive definite helps us define a norm on L?(G).

Definition 3.1.4. The L?—norm is defined as ||f|| = \/{f, f)
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3.2 Introducing H(G)

In this section we introduce the set that will become our basis for L?(G). Interestingly this set
will be made up of homomorphisms x : G — S' where S! is the unit circle in C. First we’ll give

this set a name.

Definition 3.2.1. Let G be a finite abelian group. We define H'(G) = {Homomorphisms Y :

G — St}

This is a very general definition though. In order for this set to be useful to us, we’ll need a
better picture of what it’s elements look like. We’ll find an equivalent formulation in this section.

We now introduce a set of complex numbers important for this.

Definition 3.2.2. The m-th roots of unity are complex numbers c¢ satisfying ¢ = 1.
. 2mi . 2rk .. ok .
Equivalently, these are the complex numbers (e m ) = cos( m ) + zsm( - ) for some inte-

ger 0 <k <m.

We show an alternative view of H'(G). We first set this up for cyclic G.

Let G = Z,, be a cyclic group, and define
27

Wy =€m (3.2.1)

(Note that wy, is one of the mth roots of unity).

For each 0 < € < m, define x. : Z,, — C* by

Xe(k) = [wS,)F for all k € Z,,. (3.2.2)
Theorem 3.2.3. Let m > 1. Then H (Z,) = {xc|e € Z,}.
Proof. (C) Let € be an integer such that 0 < e < m. Let a,b € Z,,. It follows that
Xe(@ 4 B) = W5 ] = o+ — oy (a) - xe(D).

Thus x. is a homomorphism for any arbitrary 0 < e < m. Since X : Z,;, — C*, by the definition

of H'(Zy,) it follows that x. € H'(Z,,). Hence {x|0 < e <m} C HY(Z,).
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(D) Let f € HY(G). Thus f : Z,, — C* is a homomorphism. It follows that

=f14+1+---41) since f is a homomorphism

~ f(m)

= f(0) since f maps from Z,,

=1 as any homomorphism maps 0 to 1

We can conclude, by definition, that f(1) is an mth root of unity. Thus f(1) = (e%> = ws,

for some 0 < € < m. Now, consider for some k € Z,,

f(k) = f(1)* since f is a homomorphism
= (wm)* as shown above
= xe(k).

It follows that f € {x.|0 < e < m}. Hence H(Zy,) C {x|0 < e < m}.

Thus, since each is contained in the other, we conclude that H'(Z,,) = {x[0 < e <m}. O

~

Now we can set this up for arbitrary G. Let G = @]_1Zp,; be an arbitrary finite abelian
group. A new function to facilitate the correspondence between G and H'(G) can be defined as

follows. For € = (e1,--- ,€,) € G, define

Xe(kr, - k) = [ xej(k)) for all (kq,... k) € G. (3.2.3)
j=1
Given this new function, the proof of Theorem is similar to the proof of Theorem3.2.3
Theorem 3.2.4. Let G = &} _,Zy,;. Then HY(G) = {xc|e € G}.

The above implies a bijective correspondence between G and H'(G). It can actually be proven
that H'(G) is a group under function multiplication, and that there exists an isomorphism be-
tween G to H'(G). Importantly for this senior project however, Theore gives us concrete,

defined functions to work with in showing H'(G) is a basis.
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3.3 Verifying H'(G) as a Basis

We will now show that H'(G) forms an orthonormal basis for L?(G). This means the elements
are orthogonal to each other, of unit length, and span L?(G). We will use the norm we defined

earlier (3.1.4]) to check if the elements are of unit length.
Proposition 3.3.1. Let G = Z,,. The elements in {x.|e € G} are orthonormal.
Before proving this, we’ll need to verify the following lemma.

Lemma 3.3.2.

Proof. Let w,, = e , and let 0 < € < m. Note that if e = 0, It follows that

S

m—1 m—1
ke 1
w JE—
m
k=0 k=0

1 1
R w R
m m m

e
Il
<)

Now suppose that € £ 0. We continue with cases. Either ¢ and m are relatively prime, or they
are not.

Case 1: Suppose € and m are relatively prime. Then

1= 1
(m 2 wﬁf> (L= wf) = — (L ey 4o w1 - o)
k=0
1
= (1)
1
=—(1-1) By the definition of the mth root of unity
m
=0.

It follows that either L Zk 0 w’“ =0orl-— = 0. Since € and m are relatively prime, and

m

27r25

€ # 0, it follows that w¢ - # 1. Therefore 1 — w¢, can’t be zero, and el Sy w’“ must be
Zero.

Case 2: Now suppose that € and m are not relatively prime. Since they have a common

factor, it follows that there exists b < m such that (b,m) = 1, and be/m = ¢ € Z. Thus
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= (wg,)™ = 1. In other words the order of wf, is b < m. It follows that

1= 1
(m wfif)(l—wb) —(Ltwh + el ) (1 - wp)
k=0
1 _ _
= —(twp ool et T W) (- wp)
since the order of wy, is b
= el w9 () (1 —why)

since be/c =m

1
- 5(1 + w4 w1 —wh)

m
= (- wl)
=—-(1-1)
= 0.

By the same reasoning as the previous case, it follows + Z 5—0 w’“ =0. O

Now to the proof of

Proof. (Unit) Let e € G. It follows that

XE? XE - Z XE

kEG

Z !
kGG
Since X¢ can be shown to be the inverse of x.

G
|G|I |

=1

Thus [|Xc|| = v/{Xe, Xe) = 1 (3.1.4). This implies that all elements of H'(G) are of unit length.
(Pairwise Orthogonality) Let €,0 € G = Z,,. Consider

{xe: xa) Z Xe(k Z Wik oS = Z =0k

kEG’ kEG’ k‘EG
By lemma it follows that if € # d, then (x., x5) = 0. It follows that the elements of H'(G)

are pairwise orthogonal. O



3.3. VERIFYING H(G) AS A BASIS 19

This orthogonality gives our basis contender another nice quality, that is the linear indepen-
dence of its elements. The proof quickly follows, so we don’t show it here.

Now that we know H'(G) has the nice properties of a basis, like orthonormality and linear
independence, we need to show that it is indeed a basis. The final step in doing so is the
demonstration of span. This is done by taking an arbitrary element of L?(G) and showing that
it can be written as a linear combination of the basis functions. In this case however, we’ll need

to clarify what the coefficients of this linear combination will look like beforehand.

Lemma 3.3.3. Let f € L?(G). If f = Y ccq CeXe, then ce = (f, xe)-

Proof. Let § € G. It follows that

(f,xs) = < D eexe X5>

eeG

= Z Ce<X57 X5> by the linearity of the inner product
e€eG
=040+---4+cs+---+0 since (xe x5) = 0 unless § = ¢, in which case (xe, xs) =1

:C(;

Thus if f can be expressed as a linear combination ) . ceXe, then c. = (f, xe). O

With this lemma to inform what the coefficients will look like, we can prove span. We show

this for arbitrary G.

Theorem 3.3.4. Let G = @} _Zp,. If f € L?(Q), then f can be written as a linear combination

of elements in H'(G), f =Y .cq CeXe with cc = (f, Xxc) = ﬁ ppe F(g)xe(9)-
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Proof. Let f € L*(G), Then for h € G

Z CeXe(h

eeG

=% (@ S Fox:
eeG gelG

1(9))xe(h)

By Lemma [3.3.3

D WLl

eeG geG

EDIPINT

EGG geG

|zzf

eeG geG

EDIPINIT

eeG geG

H Xe; g] H Xe]

7j=1

H Xe; (95)Xe; (Ry)

€95 ¢€jh
I |wm] wmj

7=1

m;—e€;jg; €
J JJ J
Hw mJ

by the propertles of complements of roots of unity

WL

e€G geG

EDIPINIT

eeG geG

|zzf

geG eeG

m;—e
Hw j i(g;—h

7=1
H —h;)
7=1

6] 91 hj)
7=1

since the sums of G are finite

=[G 216

geG

Z ﬁwﬁé](_grhj)

eeG j=1

since f(g) is constant in a sum of €

\G|Zf

€1(g1—h1) €2(g2—ho er(gr—hr
Sy 3 (e i)

geG €1€Zm, €2€Lmy €rELm,.
—h —h —h
‘G’ Zf Z w%fm 1) Z wfﬁg” 2) . Z w;:fgr r)
geG €1€2Lm4 €2€Lm,, €r €Ly
1 hi—h ha—h (hr—hr
= 00 Y T Y LS
flezml €2€Zm2 GTGZTRT

since Z wfﬁg M = 0 unless g=nh

€eEm
1 (0 L0+
el
1
|G|
1

f(h).

> 14 +0)

€r EZmT

2121---

€1 eZml €2 EZ'mQ

_ —(f(h) -m1-m2---mr>

- |( f(h)-16)

.+0)
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Since this is true for all h € G, it follows that any f € L?(G) can be expressed as a linear

combination x. € H'(G). This implies that H!(G) spans L?(G). O

Thus, with span, linear independence, and orthogonality, we can conclude that H'(G) is a
complete orthonormal basis of L2(G). We can deconstruct any element of L?(G) = {all f: G —

C} into a linear combination of elements in H!(G).
Remark 3.3.5. It is important to note that this decomposition is unique.

This result is crucial for every following result in this senior project.
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4
Applying Fourier

4.1 Fourier Applied to Affine Tverberg

Let us look again at the affine version of Tverberg’s theorem , and see what the impli-
cations for a Tverberg partition are if it is achieved using a decomposed affine map. We’ll look
at the cyclic case in two dimensions, but otherwise set things up the same way as the theorem.

Let r > 2, and d = 2. Now let N = (r — 1)(d + 1), and A" be a N—dimensional simplex.
Let G 2 Z,, and f : AN — R? = C be an affine map. Consider the set {og}geq, of r pairwise
disjoint faces of AN, that are parameterized by G. Let {z4}4ec be a collection of points from

AN also parameterized by G, where xg € o4 for all g € G. We define

F:G—Chbygr f(zg). (4.1.1)
Then, by Theore it follows
f(xg) =F(9) = ZCEXE(Q) for all g € G. (4.1.2)
eeG

This map is well defined because we are already indexing our points x, from the simplex by
elements of G. Then, the decomposition comes directly from our choices of domain and range

B.3.4).
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With this new function and our Fourier decomposition we can effectively deconstruct the
affine maps presented in the affine version of Tverberg’s theorem (2.0.18). We can now learn

what a Tverberg partition means in the context of such a decomposition.

Theorem 4.1.1. Let G = Z, forr > 2. Let f : AN — C be an affine map. Let oq,...,0, be
r disjoint faces of AN. Then there exists a set of r points {xg}gec such that x4 € o4 for all

g € G, such that f(x1) = ... = f(x,) if and only if given the Fourier decomposition of F from

[4-1.1, cc =0 for all e € G — {0}.

Proof. Let G = Z,.

(«<=) Suppose ¢, = 0 for all € # 0. It follows that for g € G

f(zg) = F(g)

= Z CEX€(g)

€€y
= coxo(9)

Note that ¢ is just a constant coefficient, and therefore all the points {z4}4ec¢ map to the same
point. Since f(z1) =...= f(z,), and x4 € 0y, it follows that f(z1) € (f(o1) N...N f(o,)) # 0.
This implies a full Tverberg partition.

( = ) Now, suppose {z4}4ec gives a Tverberg partition. Then there must exist an element

in f(o1)N...N f(or). Or, equivalently, f(x4) = c for all g € G and some constant c. Therefore
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for g € G

c=F(g)

= Z cexe(9)

eeG

:COXO(9)+ Z CsXe(g)

e€eG—{0}

=c+ Y. cexely) since xo(g) = 1
eeG—{0}

Since ¢g = ¢, and ¢ = 0 for all € # 0 is a viable decomposition, by the uniqueness of these
Fourier decompositions, it follows that it is the only one.

O]

A more general case with an arbitrary even dimension can be proven by splitting up affine
maps f : AN — C%into f; : AN — C. This technique will be explored further later in the paper,
when we construct higher dimensional structures.

This demonstrates how the Fourier coefficients determine the characteristics of the function

they are used to deconstruct. We will see more of this shortly.

4.2 Regular r-gon partitions

An interesting consequence of the Fourier basis we’ve chosen to deconstruct our maps is the ease
with which it can describe regular polygons. Before we start to describe how this is, let us show
what a regular polygon looks like as it will be represented by our basis.

Consider the set of the rth roots of unity (3.2.1)

Ak 2mik Y71 2rk o 27k r=1
{wr} = {e T } =<cos|{ — | +esm | — .

This cosine and sine will give the x and y values of points on the unit circle (in C), determined
by the input angle. Notice that k varies between 0 and r — 1, implying 0 < @ < 27 for every k,

and that each of these angles will be unique in the set. Moreover, the ascending integer values

2

of k, ensure that every point is a < rotation of the previous point. Since these points are on the
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unit circle, it follows that their distance from the origin doesn’t change with k. The regularity
of their angle, and placement on the unit circle imply that {wff };;é forms the vertex set of a
regular r—gon.

However, we want an arbitrary r—gon. If we multiply every vertex by e? for some § € R, then

we get

. r—1 L oomik Y T—1 onk Nr—1
{ewwf} = {ewe T } = {e< - +6)Z} .

This adds 6 to the angle of every point, preserving their relative position, but rotating the
imagined polygon by 6. To scale the shape to an arbitrary size, we can simply multiply by a
nonzero scalar s € R — {0}, to get {se®®w¥}}_{. Finally, we can displace all the vertices, and
therefore the location of the r—gon, by adding an arbitrary complex number ¢ € C to the
vertices, {c+ sewwf}z;é. These transformations allow us to express an r—gon of arbitrary size,
orientation, and position. Note that adding an extra power j € N to the mth root of unity only
changes which vertices the individual values of k£ map to, as long as j and r are relatively prime

((r,7) =1). We record this observation as a remark

Remark 4.2.1. Let » > 3. The vertex set of an arbitrary regular polygon with r sides, some
rotation, some location, and some size, in the complex plane is {c + swlﬁj Yo with ¢ € C,

s € C—{0}, and j € N such that (r,j) = 1.

Now we show when such a regular r—gon shows up in the context of the affine maps from the
previous section. It is important to note that this is a result in the cyclic case, where G = Z,,

and with dimension d = 2.

Proposition 4.2.2. [1| Let G = Z, for r > 3 and j € N such that (j,7) = 1. Let f : AN — C
be an affine map. There exists a set of v points {x4}4cq such that x4 € o4 for all g € G, where

oq are disjoint faces, such that {f(xg)}gec is the vertex set of a reqular r-gon if and only if in

the decomposition of F from (1) ce =0 for all e # 0,7, and (2) ¢; # 0.
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Proof. ( <= ) Suppose c¢c = 0 for all € # 0,/ and ¢; # 0 where j € N such that (j,r) = 1. it

follows that

f(zn) = F(h)
r—1
= cexe(h) because F has a Fourier decomposition
e=0
= co + ¢;x;(h) since ¢, = 0 for all € # 0, j
=co+ cjwffj by definition of ..

Thus {f(zg)}geq = {co + cngj }gec defines the vertex set of an arbitrary, regular r-gon, by
421
(=) Now, suppose that {f(z4)}4ec is the vertex set of a regular r-gon. It follows by

that f(z,) = c+ 2wl forr>3,c€C,2zeC— {0}, and j € N such that (r,j) =1, and g € G.

F(g) = f(zy) by definition of F
=c+ 2wid

=c+axi(9)+ D, 0-xel9)
eeG—{o,5}

Since F' must have a Fourier decomposition, F'(g) = > . ceXe(g), and since that decompo-

sition is unique, it follows that co =c € C, ¢; = z € C — {0}, and ¢, = 0 for all € # 0, j. O

4.3 Coeflicient elimination

The results of the previous two sections are very closely tied to which Fourier coefficients we
commit to being zero. The question then becomes, when are those coefficients zero? Under what
circumstances will we be able to find a regular r—gon? The following Theore from [1]
helps us answer this question.

Up until now, in our use of the Tverberg type setup we have considered affine maps f : AN —
C. However, we will later consider questions in higher dimensions too. Tverberg’s theorem is

shown in arbitrary dimension after all. For our purposes we will consider even dimension, because
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we can use a direct equivalency to products of C. With affine maps to C? it is important to
notice that we can rewrite them in terms of smaller maps to C that we’re more familiar with.
Thus given f : AN — C%, it follows f = (f1,..., f4) where f; : AN — C. Then, as in we

can define

F; : G — C such that g — fij(z4). Then each F; has a Fourier decomposition F; = Z Cie Xe-
eeG
(4.3.1)

Now we can introduce a helpful theorem.

Theorem 4.3.1. [1] Let G = @?Zlij for d > 1. Choose sets S; C G —{0} for 1 <i<d. Let
m = |G| and s = Z;l:1 |S;|. Let N = 2s+m —1 and f : AN — C? be an affine map. Then
there exists a set of points {x4}eec, where x4 € o4 for all g € G and the o4 are disjoint, such

that if we have the decomposed maps F;, as shown in[{.3.1], the following is true:
(a) for alll1 <i<d, ¢;c =0 foralle € S;
(b) for almost every f, cie # 0 for alle ¢ S; an all 1 <i < d.
(¢c) If N <2|S|+m —1, then (a) fails for almost every f (N is tight).

This theorem allows us to find an N for which we will almost always get our desired decom-
position of F.
An important aspect of is that it’s statement is true for ‘almost every’ affine map. This

helps us define a generic affine map.

Definition 4.3.2. [I] Let G = @}_,Zy,; with r > 1 and f : AN — C?% be an affine map.
Let m = |G|. Then f is Fourier generic if given any collection of subsets {S;}/_;, where
S; € G — {0} and where s = Z;l:l |Sq| with N < 2s + m — 1, there do not exist disjoint
faces, o1,...,0r, and a set of points {x,}4cc where z4 € o4, such that when we consider the

decomposition of F; from we have ¢; =0 foralle € S; and all 1 <i <.
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A fourier generic map is the name for a typical affine map in the setting of Theorem4.3.1]
This means that in Theoremd.3.1] given a Fourier generic map from an N —simplex whose N
is too small, you cannot eliminate all the coefficients in S. Importantly, this also means that
with an IV that is big enough, a Fourier generic map will not eliminate too many coefficients.
This means that generically we only eliminate the coefficients we intend to. As we will see later
when we partially recover Tverberg’s theorem, this property will be what recovers the tightness
of Tverberg’s number. It will also enforce new tight numbers of points for our own results. This
sense of a generic function will be useful later as we generate further results using

As an example of the utility of this new theorem, we can see that we recover part of Tverberg’s

theorem if we choose G = Z, with r > 2, S = G — {0} and d = 1. In this case
N=2S|+r—1=2(G|—1)+r—1=3r—3.

Note that N = (r—1)(241) which is the two dimensional case of the affine version of Tverberg’s
Theore Let f : AN — C be an affine map. Thus if we take F : G — C with
the Fourier decomposition F' = ) .. cexe - By it follows that there exists a set of points
{24} 4ec from 7 pairwise disjoint faces of AN such that ¢. = 0 for all € € S by . By it

follows that we have a full Tverberg partition.

Remark 4.3.3. Note that Theorem implies N = 3r —3 = T'(r,d) — 1 is tight, meaning

that with n < N a Fourier generic map will not admit a full Tverberg partition.

Now that we’ve recovered something we already knew, let’s investigate when the regular

r—gons we described in section [£.2] show up. We claim

Theorem 4.3.4. |1] Let G = Z, forr >3, and N = 3r —5. Now let AN be an N —dimensional
simplex. Let f : AN — R2 be a Fourier generic affine map. There exist r points {z4}4eq where
xg € 04 for all g € G and the o4 are disjoint, such that {f(x4)}gec forms the vertex set of a

regqular r—gon.

Proof. Let r > 3, G = Z, and S = G — {0,5} for some j € N such that (r,j) = 1. Let

N=2|S|+r—-1=2(r—2)+r—1=3r—5,and f: AY — C be a Fourier generic affine map.
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Consider r pairwise disjoint faces of AN, o1,...,0,. By there almost always exist a set of
points {z4}seq, where z; € 0, so that in the Fourier decomposition of the map F' from m
we know ¢, = 0 for all e € G — {0, j}. Because f is fourier generic, it follows that c¢; # 0. It

follows by that in this case {f(z4)}4eq is the vertex set of a regular r—gon. O

In much the same way that we can restate Tverberg’s theorem in a setting of affine maps,
we can restate in a context of convex hulls. Note that since the domain of f in is an
N —dimensional simplex which implies that from the geometric point of view N+1 = 3r—5+1 =

3r — 4 points are needed.

Theorem 4.3.5. [1] Almost any set of 3r — 4 points in R? can be partitioned into r disjoint
sets, Ai,..., Ay, such that there exist r points, x1 € Conv(A1),...,x, € Conv(A,), which form

the the vertex set of a reqular r—gon.

We call an application of [£.3.5] a regular r—gon partition. Notice that at a dimension d = 2,
Tverberg’s number T'(r,d) = 3r — 2, which is greater than the number of points (3r —4) required
for an r—gon partition . Since T'(r,d) is tight, this result also sheds interesting
light on what can be said about collections of points smaller than 7'(r,d). It’s also important
to note that by the requirement of 3r — 4 points for a regular r—gon partition is tight as

well.
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Regular Sub r—gons

It was shown in [?leinersimon], that given 3r — 4 points in R? partitioned into r subsets so
that one can find the vertex set of a regular r—gon with one vertex from each of their convex

hulls. But now we ask what other types of partitions there are given the same 3r — 4 points.

Definition 5.0.1. Let » = r179, and S be a set of points in R%. A sub r—gon partition of S is
a partition of S into 7 sets, grouped into 71 collections of r9 sets, Al,..., A}?, L AT AT
such that

a) N2, Conv(A}) #0,...,N2, Conv(AL') # 0, and

b) there exist points y; € N;2,Conv(A}),...,y, € Ni2,Conv(Al') that form the vertex set of

a regular r{—gon.

First we show what a sub r—gon partition is equivalent to in the affine formulation, with our

Fourier decomposition.

Proposition 5.0.2. Let G = Z, for r > 3, where v = 1719, and N € N. Let f : AN — C be
an affine map. Consider r disjoint faces of AN grouped into ry collections of v faces, C; =
{00,005, 0a—1) o s COrp = {0m 15, O —1)+(ra—1)r1 }- Let {Zg}gec be a set of points

from AN such that xg € a4 for all g € G. For some j € N such that (r1,7) = 1, we can say that
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given the Fourier decomposition of the map F from (1) cc =0 for all € # 0, jre, and (2)
Cjro 7 0 if and only if
(l) mo’GCl f(O') 7& @7 e amGGCrl f(O') 7& ®7 G/I’Ld

b) f(xo) € Noecy f(0), +, f(xr,—1) € Noec,, f(0) are the vertices of a regular ry-gon.

Proof. (=) Let j € N such that (j,71) = 1. Suppose ¢ = 0 for all € # 0, jry and that ¢;,, # 0.

It follows that for g € G

f(zg) = F(g)
= chxg(g) since F': G — C, we use Thm [3.34]
eeG
= €0 + Cjry Xjra(9) since all other ¢.’s are zero by assumption

_ . ,JT2g
= ¢o t+ CjryWwy.
2migjre

=g+ Cjrp€ 172

= o + Cjrywil!

Since g will run through all » = 172 elements of G = Z,, and there are only r; distinct powers
of wy,, it follows that in many cases multiple points from the simplex will map to the same point
in C. We investigate where and how these overlaps happen. Since f(z4) = ¢o + cjmw,?f we can

see

f(ngrm"l) =co+ er2w7("£17+nrl)]

nrij

=co+ CJ'T2w7qfwr1

= ¢o + Cjrywi]

= f(zg)

Notice that because of the root of unity, only 0 < n < ro — 1 give unique results. Therefore,

T1—

g:(_)l is getting mapped onto by 79 points

since n can be one of ry values, every point in {f(z,)}

from the simplex, and the indices of these points differ by multiples of rq,

f(xg) = f($g+r1) == f($g+(r2—1)r1)'
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It follows that

f(gg) N f(Ungm) n...N f(Ug+(r2—1)r1) #0

This means that the images of the faces in the collection Cjyy1 overlap. It follows that
Noec, f(o) #0,- -+ ,Noec,, f(o) # 0.

Now, if we consider the points f(z0) € Ngec, f(0), .-+, f(2r,—1) € Noec,, f(0), they will all
be distinct. Moreover, since we showed f(z4) = co + cjr2w$f , they will form the vertex set of a
regular r1-gon.

(=) Suppose Noecy (0) £ 0, .., Ooecy, £(7) £ 0,

and f(zo) € Noecy f(0), ..., f(Tr—1) € Nyec,, f(o) are the vertices of a regular r1-gon.

It follows that {f(wg)}?:_ol = {c+ 2wld ;1:_01 with (j,71) = 1 and z # 0, by Therefore

F(g) = f(zg)

=c+z(wl)?

2mijrg
=c+ z(e 172

=c+ z(wi™)9

= ¢+ 2X;jr,(9)
r—1
ceXe(9g) where cg = ¢, ¢jr, = 2z, and ¢, = 0 for € # 0, jro

€e=

This shows that F'(g) can be expressed in our usual Fourier decomposition as ) . cexe(g) with
ce = 0 for all € # 0, jry. By the uniqueness of the Fourier decomposition, it follows that this one,

with ¢. = 0 unless € = 0, jro is the only decomposition. O

Now we can use Theorem to show under what circumstances we can find sub r—gon

partitions.

Theorem 5.0.3. Consider G = Z, where r = riry. Let N =3r —5 and let f : AN — C be a

Fourier generic affine map. Then there exist v disjoint faces in AN, grouped into 1 collections

of ra faces, C1 = {007 Orys -t 7U(r2—1)r1}7 t 701"1 = {0-7“1717 T aa(r1—1)+(r2—l)r1} such that:
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0’) m0'601 f(O') ;é @7 T 7mU€C'r1 f(O') 7& ®7 a’nd
b) there exist points y1 € Nyecy f(0),++ ,yr, € Nocc,, f(0) that are the vertices of a regular
r1-gon.

¢) The dimension of the simplex, N is tight.

Proof. Let G = Z,, where r = riro, and S = G—{0, jra}. Let N = 2|S|+r—1=2(r—2)+r—1=
3r — 5, and f : AN — C be a Fourier generic affine map. By Theorem there exist r
pairwise disjoint faces of AN, {0,}seq, and a set of points, {z,},eq, where z, € 0,4, such
that for the Fourier decomposition of the map F' from we have ¢ = 0 for € € S. Since
f is fourier generic, ¢ = 0 unless € = 0, jry. By Theorem it follows that Nyec, f(o) #
0,--,Noec,, f(0) # 0 and f(x0) € Noecy f(0), -+, f(Tr,-1) € Noec,, (o) are the vertices of a
regular r{-gon.

To prove (c) note that if the simplex had dimension n < N = 2|S| 4+ r — 1, then by the

above would fail since f is Fourier generic. Thus N is tight. O

Note that N being tight holds for all our results, since it is a direct consequence of Theorem
Since the proof will always be the same, we’ll omit stating it explicity in theorems in later
on.

Again, just as we can state Tverberg’s theorem in terms of both affine maps, and convex hulls,
we can restate this theorem in terms of convex hulls too. Since the domain of the affine map f
in is a simplex with dimension N = 3r — 5, it follows that we’ll need N 4+ 1 = 3r — 4 points

in the plane to create that simplex and find an r1—gon in the intersection of convex hulls.

Theorem 5.0.4. Letr > 3 and 1,19 € Z such that rire = r. Almost any set of 3r — 4 points in
R? can be partitioned into r sets, Al,.. .,A}nl, AT AT such that there exist vy points,

1 € M2, Conv(AL), ...y, € Ni2, Conv(ALY), that form the vertex set of a regular r1—gon.

Moreover, almost any collection of fewer points can’t be a sub r—gon partition.

This result gives us a more general understanding of what’s going on than the r—gon partition

we proved in the previous section (4.3.5). Indeed, if either r; or ry equal 1, then we recover
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Theorem [£.3.5] What is also interesting is that there is no change to the number of points
required. You need 3r — 4 points no matter the choice of 1 and r9. This means that given 3r — 4
points in the plane, you can almost always form a regular polygon with vertices whose number
is a factor of r.

What follows is an example of the versatility sub r—gon partitions provide. This example will

be for r = 12, and therefore T(12,2) — 2 = 32 points in R2,

Figure 5.0.1. An arbitrary set of 32 points

Now, since 12 = 4 - 3, we should be able to find a square in the intersection of convex hulls.

Figure 5.0.2. Z15 Sub square partition

Here we see the overlapping collections of convex hulls distinguished by their colors, and the
vertices of the square being taken from the overlap of the convex hulls of each collection. Of
course, since 12 = 3 - 4 we should be able to find a regular triangle in the intersection of convex

hulls too.
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Figure 5.0.3. Z15 Sub triangle partition

It is interesting to notice how even though this result is with a smaller number of points than
Tverberg’s original theorem, we find the vertices of this r{—gon from what could almost be

described as ‘mini’ Tverberg partitions.
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Multi Dimensional Applications

So far we’ve discussed Tverberg type results in the two dimensional plane. Tverberg’s theorem
is, however, stated for the more general R?. This leads us to ask how the two dimensional
polygon results of the previous chapter may be extended to multiple dimensions. Our transition
to higher dimensions will also involve using more general finite abelian groups, rather than just

cyclic ones as before.

6.1 Multiprism

Ironically, the quickest application of what we know is also the hardest to visualize. Let’s begin

by defining what what type of object we’ll be looking for:
Definition 6.1.1. A Polytope is the convex hull of some finite set of points in R

This is a general object in d dimensions. We’ll be focused on a particular kind of polytope,
one that is the product of shapes in lower dimensions. To express this, we introduce some new

notation. Let P, denote a regular r — gon for » > 3, and let P» denote a line segment.

Definition 6.1.2. Let ; > 3 for all i. A Multiprism in R2¢+F is P = P, x...x P, x sz for

some k > 0.
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Multiprisms are polytopes which are the cartesian product of two dimensional polygons and
line segments.

Note that the cartesian product adds the dimension of the sets it’s applied to. This is why, if
P =P, x...x P, for r; > 3, then P has dimension 2d. Similarly, if we were to also include a
product of k lines segments to get P = P, x ... X P, x P} for some k > 0, this multiprism P
would have dimension 2d + k, as shown in the definition.

Like polygons in R?, multiprisms are made of smaller components.

Definition 6.1.3. A k—face of a d—dimensional polytope is a k—dimensional polytope subset

of the d—polytope.
So the 0—faces are the vertices, the 1—faces are the edges, etc.
Definition 6.1.4. A facet of a d—dimensional polytope is a (d — 1)—face.
The facets of a cube, for example, are the square 2—faces on its exterior.

Remark 6.1.5. We're considering multiprisms, which are special polytopes. It’s important to
note that if we look at P = P, x ... x P, x P¥, then the k—faces are constructed using the
faces of the component P,, and P, (the entire polygons, edges, or vertices). So a k—face of P is

the product of 0—faces, 1—faces, and 2—faces of P, and the edges P».

It follows that the vertices of a multiprism are all the possible cartesian products of vertices
of the component P, and P,. as in Figure|6.1.1

As an example of a multiprism, we could consider a P3 x Ps.

Figure 6.1.1. Triangular prism
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As we can see, this is a three dimensional regular triangular right prism. The facets on the
side are rectangles, while the facets on the top on bottom are equilateral triangles.

Given a 4—dimensional multiprism P = P; x P3, we won’t be able to present an image of it,
but we can describe it’s faces.

(3—faces) It’s facets should be 3—dimensional prisms, so they’ll be products of 1 and 2 dimen-
sional faces from P, and Ps. It follows that the two facets of P are a right prism with a square
base, and a right prism with a triangular base.

(2—faces) It’s 2—faces will be products of 1—dimensional faces from P, and Ps, or the 2—face
of one times the vertices of the other. The products of edges from Py and Ps give us 4 -3 = 12
2—faces. Then P times the vertices of Ps will give us 3 2—faces, while Ps times the vertices of
Py will give us 4 2—faces. Thus in total P has 12+ 344 =19 2—faces.

(1—faces) It’s 1—faces will be products of 1—faces in one, and 0—faces in the other. Taking
vertices from P, and edges from Ps, we get 4 - 3 = 12 edges. Then taking vertices from P; and
edges from Py, we get 3 -4 = 12 edges. Thus P has 12 + 12 = 24 edges.

(0—faces) Finally, the 0—faces will be products of the 0—faces from both. Thus P has 4-3 = 12

vertices.

6.2 Finding Multiprisms

Previously we used cyclic groups of order r in the construction of our Fourier basis and the
subsequent regular 7—gons and sub r—gons in R? 2 C. In multiple dimensions we’ll use a more
general group structure, G = @?lemj. Because our previous work used maps onto the complex
plane, this initial result will be deconstructing maps to C? 22 R?¢. Notice that this means we are

only considering multiprisms occuring in even dimension.
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Theorem 6.2.1. Let G = @?:12%. ford > 1. Let m = |G| and N = 2(m — 2)% +m — 1. Let
m; = mim? for all 1 <i < d. Let f : AN — C? be a Fourier generic affine map. Then there

exist m disjoint faces of AN, {o4}sec, such that

(a) ﬂbe@gzlzmg f (O—p—l-(blm%,...,bdmé)) # 0 for allp € @?zlzmjl-f and
J

(b) There exists a set of points {yp}pE@?:lzml_’ where y, € ﬂbee??:lzmz f (Jp+(b1m%,.-.,bdm}1)>
J J
for allp € EB?:lZm;, and {yp}PE@?:1Zm1. is the vertexr set of P = P x ... x Pm; where
J

each reqular m%—gon is parallel to a C—plane generated by a standard basis vector.

In much the same way as the points of a sub r—gon are taken from the intersection
of convex hulls in C, the points in this vertex set of a multiprism in C% will be taken from the
intersection of convex hulls in C¢, only these convex hulls will be polytopes.

Let us run through an example for clarity. Let G = Zg @ Z4. Then, |G| = 6 -4 = 24, and let
N =2((24) — 2)% + (24) — 1 = 991. then we pick any generic affine map from AY to C? = R*.
Given such a setup, we can find 24 disjoint faces of AY, whose images overlap in 6 collections
of 2.2 = 4 each, and we can find vertices of a P3 x P, multiprism with one vertex from each
overlap. But, we could also choose a different set of disjoint faces so that the images of the faces
overlap in 8 collections of 3 -1 = 3, and in the overlaps of their images we find the vertices of a
P, x Py multiprism.

Now we proceed to the proof of Theorem |6.2.1
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Proof. For 1 <k <dlet j* = 0,...,0,7%,0,...,0) where (mk,jk) = 1. We choose a collection
of sets, S; = G — {0,m?jD}. Let s = 2?21 1Si| = (|G| —2)% = (m — 2)¢, and N = 2s +m — 1.
By theorem it follows that there exist m disjoint faces of A, {o4}geq, and a set of points

{xg}geq where z4 € 04, such that if p € G, then

f(xp)
= (fi(@p), falzp), .., falzp))

= (F1(p), Fa(p), - - -, Fa(p))

from [£.3.1]
= (Z Cl,eXe(p)) Z CQ,EXe(p)a ceey Z cd,EXE(p)>
eeG eeG eeG

= <C1,0X0 (P) + €120 X250 (P) €2,0X0(P) + €2,1m252) Xnzj@ (P) - - €4,0X0(P) + € m2 (@ Xim2 (@ (p)>
by since ¢ = 0 for all € € S,

= <C1,o + €120 X2 (P)s €20 + €222 X2 (P)s -+ €40 + €2 @) Xim2 (@) (p))
d

d
since X(o,....0)(P) = HXO(p) - H =1
j=1

Jj=1

= (‘3170 T CLm2(1,0,0) Xim2 (G1.0) (P)s €2,0 T €2,m2(0,js,...0) X3 (0,2,...,0) (P -+ €d,0 + Cdvmi(o,...,jd)Xm%(o,...,jd)(p)>

d d d
= (CLO + €1 m2j Hl X200 (Pr), €20 + €.z H1 X,z (Pe); -5 €a0 + Cgmz e H1 X260 (P)
t= t= t=

by [3.2.3 where j© = (jﬁ”, . ,jfi”) . p=(p1,...,pa)

= <C1,o F Lm0 X, 2,0 (PL), €20 + €2z X, 2,00 (P2) -5 €0 + Cama o X2 (0 (pd))
because jt(k) = 0 unless t = k by construction, and xo(p;) = 1

= (61,0 + Lm0 X2, (P1) €20 + €2,0n25@ X2 (P2); -+ €0 + Cam2 ) Xim25, (Pd))

2 9. 5.
_ miJjip1 myj2p2 m,JdPd
- <Cl70 Clym%j(l)wm%m% 1 C2,0 + C2,m§j(2)wm§m§ re e Cdo Cd7m§j<d) wm}imﬁ >

_ Jip1 J2p2 Jdpd
= <C1,o + ClLm2jO W15 C2,0 T Com2 W™ - -+ Cd,0 + Cd,m3j(DWp1 )
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Now we have a description of what our points map to, but we still to show what points overlap

in the image. Let b = (by,...,bg) and t = (bym},...,bgm}). Consider

(p1+b1m1) (Pd+bdmd))

prrt c10+¢ m ](1) 1 Cd,0 t+ Cd,m? j<d)

j1p1 J1b1m1

japa, Jabamg
CLO T CLm3 Wt Wi s €0 T Cam2 (@ Wt "W, >

p jdp
(10 + cxmay@liP (1) cao + g m2j<d>w“1d<1>)
2 1hq md

1P1 D
<1o+01m]<1>w 1 Cd0+6dmj<d)wdd)

(p)

This described the overlapping images. Since m; = m}mz2 for all ¢, it follows that the ith slot

2

in the tuple has mf possible multiples of mz1 Therefore, the ith slot contributes m; overlapping

points. Since x4 € 0y, it follows

ﬂ f (Up+(b1m;...,bdm}i)) # () for all p € G.

d
be@jzlzm§

We can also conclude that

{f(xg)}gEG}?:lZml_ C {f(zg)}gec

are a set of non overlapping points.

From |4.2.1| we know that for e # 0,c € C, the set {c + ew™, }pez_, where (a,p) = 1, is the

vertex set of a regular m}—gon. Consider

— J191 J292 Jdg
{f(mg)}!iG@‘}:lZml = {(Cl,o + ¢ jWiny s €2,0 + Co Wiy s - Cd0 T Cg it Wi d) }gEEBd 7
J =1

Since f is Fourier generic, we know that C1,j(1)s - - Cq j(d) # 0, and thus we can see that each
place in the tuple will form the vertex set of its own m}—gon. Therefore the set of points as a
whole will form a multiprism in C%. Because each m;—gon is only represented in the ith tuple
spot, it follows that every m;—gon will be parallel to the C—plane generated by the standard

basis vector of the ith slot. O
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6.3 Sub r—gons in CY

In extending our work from the two dimensional plane to C% we may also ask if a more direct
conversion is possible. Under what conditions can we find a sub r—gon in C%. There turn out to

be a couple answers to this question.

6.3.1 Arbitrary sub r—gon

Because we’re looking for a sub r—gon partition, despite being in C¢, we’ll still use a cyclic group.
Notice however, that the dimension of the simplex needed (and consequently the number points
needed in a geometric setting) will remain the same as with the multiprism. This is because

we’re still eliminating all but two coefficients from every spot in the tuple.

Theorem 6.3.1. Let G = Z,, with m > 3. Let m = niny, and N = 2(m — 2)* + m — 1.
Let f : AN — C¢ be a Fourier generic affine map. Then there exists m disjoint faces of AN,

{og}gecc such that

(a) (025" F(0gim) 0 for all 0 < g < i, and

(b) There exist a set of points {y,} where y, € ﬂ?’ial f(Og4jn,) for all 0 < g < ny, and {y,}

is the vertex set of a reqular ni—gon.

Proof. Let j € Z such that (n1,j) = 1. We choose a collection of sets, S; = G — {0, jna}. Let
s = Z;l:l IS;| = (m —2)%, and N = 2s +m — 1. Let f : AN — C¢ be a Fourier generic affine
map. By theorem it follows that there exist m disjoint faces of AN and a set of points

{z4}4eq from distinct faces such that if p € G, then
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fxp) = (filayp), fo(@p), - - -y falzp))

= (F1(p), Fa(p), - - - Fa(p))

from [£.3.1]
= (Z C1,eXe (p), Z C2.eXe (p)7 sy Z Cd,eXe (p)>
eeG eeG e€eG

= (c1,0X0(P) + C1,n2jXn2j (D), €2,0X0(D) + €2,105 X125 (D)5 - - - s €d,0X0(P) + CdnojXnoj (D))
by [.3.1] since ¢ = 0 for all € € Sy
= (€1,0 + €125 Xnaj (1), €2,0 + €202 Xn0i (D)5 - - -5 €d,0 + CdmojXnaj(P))

since xo(p) = w =1

= (c1,0 + ClLnoj w2, €20 + Comgjwp?P, . .., a0 + Cdngjwint'?)
- (01,07 2,0y - - 7Cd,0) + (Cl,n2jwm2jp7 CQ,nzjmeJIJv s 7Cd,n2jwnfb2jp)
_ naj
— (01,07 2,0y - - ,Cd,Q) + wnf%g (Cl,ngj, C2najgs - -+ 7Cd,n2j)
= (01,07 2,0y - - 7cd,0) + W?ﬁ (Cl,n2j? C2ngjs -+ Cd,ngj)
Let ¢o = (c1,0,¢2,05---,¢d0) and €1 = (C1nyj, C2najs - - -5 Cdynyy)- Lhen the set {f(7g)}geq =

{é + wifc }gec. We're looking for a sub r—gon, so we know there’s going to be some overlap.

But what points overlap? For p € G and k € Z, consider

o i(pt-kny) =
f($p+kn1) =Cp + W%(lp+ nl)cl

— 1 kni =
=Cp +wihw,cl
= ¢y +wif(1)cy

= f(zp).

Of course, since the points {z4},eq are parametrized by G = Zy,, and m = ning, it follows

that 0 < k < ngy. Therefore With the same argument as

f(xp) = f($p+n1) == f(xp—l—(ng—l)nl)-
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Since each point comes from a distinct disjoint face, it follows that

no—1

ﬂ f(0g4jn,) # 0 for all 0 < g < ny.
=0

Thus we can take the following set of distinct points.

no—1
flzg) € ﬂ f(og4jn,) for all 0 < g < n.
j=0
. 2mijg . .
Since wi? = e ™ , it follows that & 4w}’ is a rotation of & by 254 radians and translation

ni

by ¢cp. It follows that {f(zy)}seq = {C0 + w%lé’l }geq will form a regular n;—gon in C9, parallel

to <€1> = {)\51’/\ S C} O
6.3.2 Parallel Sub r—gon

Theorem [6.3.1] gives a sub r—gon partition on an arbitrary plane. This leads us to wonder if
we could find a sub r—gon partition on a plane of our choosing. For this result we will require
an intermediary lemma. The lemma will be similar to Theorem only we’ll be eliminating
more coefficients in order to have a stronger condition on the orientation of the sub r—gon in
C9. Of course this also results in the dimension of the simplex, N, being larger. In the geometric
setting this means that we’ll have to have more points initially in C% in order to find a sub

r—gon in the intersection of convex hulls.

Lemma 6.3.2. Let G = Z,, with m > 3. Let ni,ny € Z such that m = ning, and N =
2(m—2)(m—1)""14+m—1. Let f : AN — C¢ be a Fourier generic affine map. Then there exist

m pairwise disjoint faces of AN, {o,}gec such that

(a) (2" f(0gejn,) # 0 for all 0 < g <ny, and

(b) There exist a set of points {y,} where y, € ﬂ?igl f(0g4jn,) for all0 < g < ny, and {y,} is
the vertex set of a regular nqa—gon parallel to the complex plane generated by the standard

basis vector (1,0,...,0) € C?

Proof. Let j € Z such that (n1,j) = 1. We choose a collection of sets where S; = G — {0, n2j},

and for i > 1, S; = G — {0}. Let s = 3.9 [S;] = (m — 2)(m — 1)}, and N = 25+ m — 1. Let



46 6. MULTI DIMENSIONAL APPLICATIONS

f: AN — C? be a Fourier generic affine map. By theorem it follows that there exist m

disjoint faces of AN and a set of points {z4}4eq from distinct faces such that if p € G, then

f($p> = (fl(xp)7 fQ(xp)7 SRR fd(xp))

= (F1(p), Fa(p), - - -, Fa(p))

from [4.3.1
= <Z Cl,sXe(p)J Z CQ,eXe(p)a ) Z Cd,eXe(p)>
eeG e€eG age

= (c1,0X0(P) + €125 Xn25 (), €2,0X0(P); - - -, Ca,0X0(P))
by [£.3.1] since ¢ = 0 for all € € Sy,
- (01,0 + Cl,noj Xnoj (p)7 €205 -, Cd,O)

since xo(p) = w =1

= (6170 + Cl7n2jw212jp, 2,05 - - - ,Cd7())
= (6170, 2,05 - - - aCd,O) + (Clyanwgfjp, 0,... ,0)
= (CLO, 2,05 - - - ,Cd70) + w;lf#; (CLan, 0,... ,0)
= (61,0, 2,05 - - - ,Cd70) + w,]f; (Cl’an, 0,... ,0)
If we define ¢ = (6170,6270, e ,Cd,()) and ¢ = (Clmzj,o, ...,0), then {f(xg)}geg = {& +

W@ Y geq. With the same argument as in the proof of we can conclude

f(xp) = f($p+n1) == f(l‘er(ngfl)nl)‘

And since each point comes from a distinct disjoint face, it follows that

no—1

m f(0g4jn,) # 0 for all 0 < g < ny.
=0

Thus we can take the following set of distinct points.

no—1

flzg) € ﬂ f(og4jn,) for all 0 < g < n.
j=0
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Just as in the proof of it follows that {f(a:g)}glz61 = {& + wi¥'é }Z;Bl is the vertex
set of an ny—gon. In this case however ¢ = (¢1,n,5,0,...,0) = ¢1,n,j (1,0,...,0). This indicates
¢ lies on the C—plane ((1,0,...,0)) = {\(1,0,...,0)|A € C}. What makes the above n;—gon
interesting is that since it’s made by multiplying the vector ¢; by a complex number, it too

lies on ((1,0,...,0)). Thus, when translated by ¢y, we can conclude that {f(acg)};”zal ={c +

Wi}t s parallel to ((1,0,...,0)). O

Since (1,0, ...,0) is a standard basis vector of C%, we can ask if we can find a sub r—gon that
is parallel to any given complex plane. In order to prove this we’ll need an understanding of

what it means to be perpendicular. For this reason we introduce

Definition 6.3.3. Let @ = (u1,...,uq) and ¥ = (vq,...,v4) be two vectors in C¢. The Hermi-

tion Inner Product is defined as (4, ¥)c = w101 + . . . + ug0g.

Note that on the real axes this is the same inner product as in R?. Additionally, just as in
R?, in C¢ two vectors are defined to be orthogonal when their Hermition Inner product is zero.

With this new inner product we can establish a couple new terms.

Definition 6.3.4. Let ¥ € C%, and (#) = {\7]\ € C} be the linear subspace generated by .
Then the Orthogonal Complement of (%) is (#)* = {& € C¢|(w, ¥)¢c = 0}.

Definition 6.3.5. A Unitary Map is a complex linear map L : C? — C¢ such that
(L(i), L(¥)) = (i, v) for all i, € C%.

Theorem 6.3.6. Let G = Z,, with m > 3. Let n1,ny € Z such that m = nina, and N = 2(m —
2)(m—1)4"'+m—1. Choose a linear C—plane generated by a nonzero v € C%, (¥) = {\i|\ € C}.
Let f: AN — C? be a Fourier generic affine map. Then there exist m pairwise disjoint faces of

AN {04} e, such that

(a) ﬂ?ial (Og4jny) # 0 for all 0 < g < n1, and

(b) There exist a set of points {y,} where y, € ﬂyial f(Og+jn,) for all 0 < g < ny, and {y,}

is the vertex set of a reqular ni—gon parallel to the complex plane (V).
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Proof. Let () = {\U|A € C} be some arbitrary complex plane generated by a nonzero vector
7= (v1,...,v9) € C%
Let ® : C* — C? be a unitary map that sends (1,0,...,0) to ¥, and the remaining standard
basis vectors of C? to the mutually orthogonal vectors in the orthogonal complement of (7).
Since @ is linear and f is affine, which is an offset linear map , it follows that their composition
(@ Lo f): AN — C9, is affine.

Our previous work in has shown that for p € G

(@71 o f)(ap) = (e + cjwill, €G- ch)

Note that this is an n;—gon in a complex plane parallel to ((1,0,...,0)) = {\(1,0,...,0)|\ €
C}.
It follows that
f(xp) = (I)((C(l) + C}W%I;, C%v ce 763))
= D B ) + w2 (1,0,. ., 0))

= B((ch, B el)) + DI l(L,0,...,0))

ni-J
=®((ch, B, ..., ch)) + wﬁfc}@((l, 0,...,0)) since ® is unitary
=®((ch, B, ..., ch)) + wf{’ic}ﬁ’ by construction of ®

Since f is Fourier generic, it follows that it cannot have a full Tverberg partition. Thus if

c} =0, then f would always map to the constant ®((c},cZ,...,c)), and therefore admit a full

J

Tverberg partition. Since this would be contradictory, we conclude that c} #0.

The same argument used in the proof of allows us to conclude that

no—1
ﬂ flogtjn) 0 forall0 < g <mny
7=0
Similarly, the set {f(xg)}gial = {®((cp G5y --»cF)) + wggc]lg ZLBI will then give us distinct

values which form the vertex set of a regular n;—gon parallel to (7).



7
Elliptical Polygons

Until now our work has focused on results related to r—gon and sub r—gon partitions. These
polygonal partitions came from asking what can be said about collections of points smaller than
the Tverberg number . In the two dimensional case, Tverberg’s theorem states that
we can find an r—fold Tverberg partition given T'(r,2) = 3r — 2 points in R?, and that this fails
for almost any collection of fewer points. Our main sub r—gon result then claimed that
given a generic set of 3r — 4 points in R?, where r = 779, we can partition the set into r subsets,
and find the vertex set of a regular r;—gon where each vertex is taken from the intersection of
ro convex hulls. Again this fails for almost any collection of fewer points . This reduction
in the required number of points is directly correlated with the number of coefficients of our
Fourier decompositions we had vanish via theorem Eliminating more coefficients reduces
the number of terms in the sum and makes it easier to parse out where our affine map is sending
points, but this also increases the dimension of the required simplex, and therefore the number of
required initial points in the plane. One might now ask what can be said about an even smaller
collection of points than required for a regular sub r—gon partition. We’ll now investigate this

question.
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7.1 Elliptical r—gons

In this chapter, instead of finding a regular polygon whose points lie on a circle, we’ll be finding

special polygons with points on an ellipse.

Definition 7.1.1. An Ellipse in C with foci F1, F» € C, and a major axis of length s € Ry is

described by the set E(Fy, F2) = {z] |z — Fi| + |z — F»| = s}.

An example ellipse is shown below.

Figure 7.1.1. Ellipse

Notice that if F; = Fy, then The ellipse equation becomes |z — F}| = s/2, which means the
set describes a circle of radius s/2, centered at F;. Also note that if the distance between Fj
and Fy equals the length of the major axis, then E(F}, F») is a line segment. This degenerate
case of an ellipse will have implications for results later in this chapter.

Now we need to know what a set of points on an ellipse is in terms of the elements of our

Fourier basis, roots of unity.

Proposition 7.1.2. Let r > 2 be an integer, let ¢y € C, and let j € Z, such that (r,j) = 1.

01
Let ¢ = 7“16’91, and ¢y = 192 be non zero complex numbers. Let F; = 2w/r1r26< )

01+69

= —2./riree’ ( 2 ) Then the set of points {cy + clw I+ cowr 19 }gez, lie on the ellipse

E(F1 4+ co, Fo 4+ o) = {2 |(z—co) — Fi| +|(z — co) — Fo| = 2(r1 +12)}.

Remark 7.1.3. Consider the case where |c1| = 11 = r9 = |c2|. Then Since F} = —F5, the

(01465
distance between F) and Fy is 2|F| = 2 21/7"17“261( 2 ) = 4rq. Also note that the major axis
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is of length 2(71 + r2) = 4r1. Thus this is the degenerate case of an ellipse in which the set is a

line segment. Moreover, if |c1| # |c2|, then you get a genuine ellipse.

Proof. We’ll show that the points described above satify the equation of our given ellipse, and
are therefore situated on it.

Let p € Z, and 2z, = co + clw,zp + czw;jp. It follows that

‘(ZP_CO)_F1’+|(Zp_00)_F2‘
= |(co + Clwzp + Czw;jp —¢co) — F1| +|(co + clwﬂp + czw;jp —cy) — Fy|
= |erw!? + cowy P — Fy| + |10l + cow; 7P — By

. . (011092
cwi? + cow, P — (—2\/7‘17"261( 2 )>‘

. , ; 91+92)
— K3
= |cqwlP + cow, 7P — 2\/rir9€ ( 2 ‘ +

. . . . ; 91+92) ) . ) : -(91+92)
— (2 — 1
— 7’16191: P 7‘26292 9P — 2\ /riTe ( 2 ’ 7’16101( P 7”26192( P 42\ friTe 2

-(91+92> ip_ip

. . . . . . . . . 91+92> Jp_jp
— (] — 1| —
_ Tlelelaﬂp + 7“26202wr P _9 /7“7“26 2 + Tlez&w?gp + 7“261920-)7 P49 /77“17“26 ( 2 w2 2

D) —Jjp 2

\/77267017" 2

2 ) ; - - - - ) — ‘

ro€ 2 wr? —\/rie w? \/ree2 wp? +

6o —ip 2

\/7‘7267507" 2

=2|/rie? w?
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Since this satifies the equation of our chosen ellipse, it follows that this point lies on the ellipse,
zp € E(F1+co, Fo+co). Since this is true for any p € Z,, it follows that {co+clw¥g+02wfjg}gezr =

{zg}gez, C E(F1 + co, Fo + co). O

Now we know that the points {co + clqug + Ccowr 79 }gez, lie on an ellipse. It follows that they
form the vertex set of an r—gon, except in the degenerate case where the ellipse set is a line

segment. In the non-degenerate case, we define these special r—gons.

Definition 7.1.4. Let ¢ € C, and let ¢j,cp € C — {0} such that |c1]| # |e2|. Let » > 2 and
j € Z, such that (j,r) = 1. If p(g) = co + 12’ + cow; 79, define an Elliptical r—gon to be the

convex hull of the set of points {p(g)}ez, -

Because they are described using roots of unity, Elliptical r—gons have some symmetry prop-

erties in addition to being on an ellipse.

Proposition 7.1.5. Consider any p from|[7.1.4] For any t, the midpoint between p(g +t) and

p(g —t) is on the line segment between co + (p(g) — co) and co — (p(g) — o).

Proof. Let g,t € Z,. Consider

plg+1t)+plg—1t) = co+ 1wl 4 w9 ey 4 eI 4 ey 790970
= 2c0 + w9t 4 eI 4 cqwdITI 4 cou; 99T
= 2¢0 + crwiwit + cow, 9w 4 crwiw It 4 cow 9wt
= 2c0 + c1wd9wit + cow 9w I 4 crwidw; It 4 cow 9wt
= 20 + (1099 + cow; 99) (Wit + wIh)

] —j j Jt2m j —Jt2m
= 2¢p + (crwl? + cow, 79) (eZ ety )

= 2¢o + (c1wl? + caw; 79) (2Re (eijtfﬂ)>

— 200+ (o) - cop2cos (12,
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From this it follows that the midpoint satisfies

plg+t) +plg—1t) _ o+ (p(g) — co) cos <ﬂf”> . (7.1.1)

2

As —1 < cos (M) < 1, we can conclude that [7.1.1| implies that the midpoint of p(g + ¢) and

r

p(g — t) is somewhere along the line between ¢y + (p(g) — ¢p) and ¢o — (p(g) — o). O

An example of Proposition [7.1.5 is shown with an elliptical 5—gon in Figure below.

Figure 7.1.2. An example of an elliptical 5—gon

In this case we see that ¢y = 0, which means the ellipse is centered at the origin. The ellipse
is in black, and the orange lines outline the corresponding elliptical polygon with points on that
ellipse. This showcases a point p(g), and how the midpoint between p(g+ 1) and p(g — 1) lies on
the line extending between p(g) and —p(g). A nonzero ¢y would simply shift this entire diagram,
by ¢g, away from the origin.

We also show this example for a different g, to demonstrate working for multiple points.

Figure 7.1.3. Alternate example of an elliptical 5—gon

When r is even, there are other properties we can find among Elliptical r—gons.

Proposition 7.1.6. Consider a p from with v = 2m. Then the midpoint of p(g) and

p(g+m) is co for all g € Z,.
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Proof. Note that since (j,7) = 1 and r is even, we can conclude that j is odd. It follows that for

g € Zy

p(g) +p(g +m)

= o + wld + cow 79 + ¢+ el 9T 4 cpwr I l9 )
= 2¢o + c1wlf + cow; 79 + cwIIwl™ + cowr 9w I™

= 2¢0 + c1wl9 + cow; 99 + Il + cowy 9wy I

= 2¢g + c1wl9 + cow, 9 + 1wl (1) 4 cow I (1)
= 2¢g + c1wl9 + cow, 9 + cwl? (—1) 4 cow 79 (—1)

because j is odd
= 260.

It follows that

p(g) + p(g +m)
2

= cp. (7.1.2)

This indicates that every vertex of the elliptical r—gon has an opposing vertex with which it

shares the midpoint cg. O

An example of this property can be observed in Figure [7.1.4]

The final symmetry we’ll show is related. Again, if p is constructed as in but with even

Proposition 7.1.7. Consider some p from[7.1.7) with r = 2m. Then for all g,k € Z, the edge
between p(g) and p(k) is parallel and has the same length as the edge between p(g + m) and

p(k+m).

Proof. For g,k € Z,,

p(g) —p(g +m) = 2¢c by

= p(k) — p(k +m).
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From the above it follows that

p(g) — p(k) = p(g +m) — p(k +m). (7.1.3)

The difference between two points in the complex plane yields what can be thought of as the

vector between them. Therefore indicates that opposing edges are equal and parallel. [

In particular, we are interested in £ = g + 1. Then Proposition tells us that the edge
between p(g) and p(g + 1) is parallel and has equal length to the edge between p(g + m) and
p(g + m + 1). This indicates that opposing edges on an elliptical r—gon of even r, have equal
length and are parallel.

We can see an example of this phenomenon (along with Proposition in the depiction of

an elliptical 8—gon below.

pgtd)

Figure 7.1.4. An example of an elliptical 8—gon with symmetries

7.2  Finding Elliptical r—gons

An important note to make about the points p(g) = co + c1w89 + cowr Y is that the exponent of
the second root of unity is the negative of the first. Since j € Z,, this means —j is equivalent to
an integer 0 < d < r where j +d =r =0 € Z,. Now we can see under what circumstances we

can find these special polygons.

Theorem 7.2.1. Let G = Z, withr >3, and N = 2(r—3)+r—1=T(r,2)—5. Let f : AN — C
be a Fourier generic affine map. Then there exists a set of points {x4}geq from distinct disjoint

faces of AN such that {f(z4)}gec is the vertex set of an Elliptical r—gon or are all colinear.
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Proof. Let j € Z, such that (r,j) = 1, and S = G — {0,j,—j}. Let N = 2|S|+ |G| -1 =
2(r—3)+r—1=3r—7,and f: ANV — C be a Fourier generic map. By theorem it follows

that there exist r disjoint faces of AN and a set of points {z4}4eq from distinct faces such that

if p € G, then
f(zp) = F(p) from equation [4.1.1
=Y cexe(p) by
EGZ’I‘
= o+ ¢;X;j(p) + c—ix-;(p) by
= co + cjwlP + c_jw, 9P
We know c¢;,c_j # 0 because f is Fourier generic. Since we do not know if |¢;| = |c_], it

follows that {f(z4)}4eq is either the vertex set of an Elliptical 7—gon, by definition or it’s

a set of colinear points ([7.1.3). O

Intuitively it makes sense that as we eliminate fewer coefficients from our Fourier decom-
position, and consequently require fewer initial points, we get a weaker result. However, it is
fascinating to see that given only T'(r,2) —5 points, we can still find nice r—gons with interesting
symmetries. This is 4 fewer points than for a Tverberg partition, and 2 fewer than for a regular
r—gon partition.

As with Theorem [5.0.3] we can again get a more general sub r—gon result of this type.

Theorem 7.2.2. Let G = Z, with r > 2. Let r1,r9 € 7Z such that r = rire, and N =
20r = 3)+r —1 = T(r,2) — 5. Let f : AN — C be a Fourier generic affine map. Then

there exist r pairwise disjoint faces of AN that we can group into r1 collections of ro faces,

C1 = {O-Oa Opyy e 70(r2—1)r1}7 T 707"1 = {O'ﬁflv U 7G(r1—1)+(T2—1)T1} such that:
(1) mUGle(U) ;é 07 T 7ﬂ0'€C'rl f(O') 7& ®7 and
b) there exist points y1 € Noecy f(0), ++ ,Yry € Noec,, f(0) that form the vertex set of an

Elliptical r1—gon or are colinear.
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Proof. Let j € Z,, such that (r,j) =1, and S = G — {0, jr1, —jr1}. Let N =2|S|+ |G| - 1=
2(r—3)+r—1=3r—7,and f: ANV — C be a Fourier generic map. By theorem it follows
that there exist r disjoint faces of AN, {04}, and a set of points {z,}4eq Where x4 € oy,

such that if p € G, then

f(zp) = F(p) from equation
= cexe(p) by
€€l
= co + ¢ X;j(P) + c—jroX—jrs (P) by

= co + cjwlP + c_jw 7P
= co + cjwl™P 4 c_jw;IrP

T1r2 T17r2

=cp+ c]wjp +cjw,; —jp

Because f maps to rith roots of unity and there are r points in {z4}4cq, we're going to get

some overlap in the image. Thus we ask where the overlap occurs. Consider for p € G and n € Z

_ j(p+ —j(p+
f(xp—I—nm) =co+ Cjwil(p nr1) + C—jwm](p nr1)
= + cjw]pw"” + C_]w ]Pwnrl

= ¢+ cjwl? + c_jw; 7P

= f(zp).

Thus f(xp) = f(2p4r) = - = f(Tpp(ra—1)r, ). It follows that N2t oy, # 0 for all p €
G. We can also conclude that the images of the first ry points, {xg}ggol do not overlap. We
know ¢j,c_; # 0 since f is Fourier generic. Since we don’t know if |¢;| = |c—;|, it follows that

{f (xg)}glz_ol is the vertex set of an Elliptical r —gon, by definition or is a set of colinear

points ([7.1.3)). O
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Remark 7.2.3. Both Theorem [7.2.1] and Theorem [7.2.2] include a case in which the images of
the points from the simplex are colinear. However, we believe it can be shown that for almost any
3r — 6 points, an ellitical sub r—gon partition (and elliptical r—gon partition) exists where the
points are not colinear and instead form the vertex of an elliptical polygon. We don’t prove this,
because it involves the proof of Theorem [4.3.1] ([1]) which we didn’t go into in this senior project.
Intuitively, it’s because colinearity is equivalent to the condition |¢;| = |c—;|. This imposes an
extra condition on the Fourier coefficients, thereby requiring an additional dimension of the

N —simplex if f is generic.

Note that N = 3r — 7 is tight for elliptical r—gons or sub r—gons, as it was for regular sub
r—gons. We didn’t include this in their theorems, but the proof is the same as in Theorem [5.0.3
As we’ve done with the original sub r—gon, we can state theorems and in terms of

convex hulls.

Theorem 7.2.4. Let r > 3. Almost any set of 3r — 6 points in R? can be partitioned into r
disjoint sets Ai,..., A, such that there exist 1 € Conv(Ai),...,z, € Conv(A,) that form the

vertex set of an elliptical r—gon, or are colinear.
And similarly

Theorem 7.2.5. Let v > 3 and r = rry. Almost any set of 3r — 6 points in R? can be
partitioned into r1 collections of ro disjoint sets, Al ..., A,,1«2, oS AT ATY such that there

exist x1 € M2, Conv(A}),...,zy,, € Ni2, Conv(AL') that form the vertex set of an elliptical

r1—gon, or are colinear.

We can illustrate these theorems with examples.

Theorem states that with almost any collection 3(4) — 6 = 12 — 5 = 6 points in R?
we can find either the vertex set of an elliptical 4 — gon (a parallelogram), or a set of colinear
points. Though as we noted in [7.2.3] we believe the former is almost always true. An elliptical

4—gon can happen in one of two ways.
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Figure 7.2.1. Case 1: Six arbitrary points Figure 7.2.2. Case 1: Elliptical 4—gon

We see that taking the points in Figure we can group the points into four collections,
two collections of 2 points and two collections of 1 point. We can then find the vertex set of the
Elliptical 4—gon in Figure with points from the convex hulls of those collections.

In the second case, shown in Figures and the points are instead grouped into three

collections of 1 point, and one collection of 3 points.

Figure 7.2.3. Case 2: Six arbitrary points Figure 7.2.4. Case 2: Elliptical 4—gon

Similarly, Theorem states that with almost any collection of 3(10) — 6 = 30 — 6 = 24

points in R?, we can find an elliptical 5—gon in the intersection of convex hulls.
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Figure 7.2.5. Twenty four arbitrary points Figure 7.2.6. Elliptical 5—gon

Here, we see that with the points in Figure we can group them into 10 collections of
points such that the convex hulls of collections intersect in pairs, and we can find the vertex set

of an Elliptical 5—gon in the intersections of those convex hulls. The end result is depicted in

Figure [7.2.6]
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