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The Use of Stochastic Processes in Busineas Cycle
Analyais

I, Introduction

First, I wish to apologisze for the title of this paper:
it 1s mueh too pretentious for the eocntent, What will be
considered {8 the use of probabalistie assumptions in the
construstion of Aeccelerator-Multiplier models: that is only
& special form of busineas ¢ycle models will be discussed,

Secondly, this 18 a paper in esonomiocs. The essential
point to be mede 1s that an examination of the generating
reletion for the parameters of these business cyocle models
leads to the conclusion that these parameters have atteibutes
of random veriables, Therefore the little this paper contributes
is to economies, not to mathematiocs or statistics, In feot,
the paper ends where the mathematics begins, The novel feature
if any eonsists in identifying the generating relation for the
parameters of macro-esonomic models as fiaturally leadind to &
atochastic process.

Linear Asdelersator-multiplier mcdels have been around in
business eyole snalysis for some time: oertainly since 1933,
Howsver, all suech linear models suffer from a cormon defect!
no matter what values are assigned to the consumption and invest-
ment pearameters,the time series that the model generates 1ls
unsatisfactory. Variouas modifications have been suggested to
ciroumvent this diffioculty: we oan mention (a) the substitution
of non-linear asselerator forms for the linear forms (by Goodwin
and Kigks): (b) the addition of a "synchronized” sutonomous

W ey

investment-impulse~identifying the impulse with Schumpeter's
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innovations (also done by Goodwin) and the addition to & damped
linear form of a "rmndom" energy source (as suggested by Frisch
in his 1933 Propagation and Impulse rroblems paper: Thias was
also taken up by Fisher in the A,E.R, in 1952}')Tho Flgher
paper will be discussed in some detail below).

In‘another paper I will discusa the non=linear models:
particularly that of Goodwin, Today I wish tc take up the
stochastic way out of the difficulty inherent in linear models,
In order to do this I wish to distinguish between an "error"
approach and a "random parameter” approach to such models, The
above menti-mned paper by G, H, Fisher is m example of the Error
approash to the use of stochastic varisbles in business oyocle

theory.

11, The stochastie error epproach: The Fisher Paper.

Consider a Hicks type (inducsd investment is & linesr funo-
tion of the cﬁango in tapgome) accelerator multipllier model in
wrich the aseelorator coefficient (3 < | The time path of
tnoone is demped, If ol the sonsuaption goefficlent is suffie
oliently small for the glven (2> the time series generated will
be demped oaeillitory. This implies that the oycle will dle outy
therefors unless the model 1s modified it is unsatisfactory for
business cyale analysis, FPisher modifies this model by imposing
upon this damped cycle an cutside energy source under the gulse
of a "randem shook",

Briefly, Fisher considers a consumption funotion and an

investment funetion subject to rendom errors: that 1s,
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random errcrs, We therefore have that /’ z ’v}bh

3) >/t L#‘A\) Yé ‘b yb—ll—wt “'>\ where
R H}; Plsher amsumes that AU, 1s normslly distributed

olso
with a mean ot‘ gero and a variance ' A o , Fisher nhn. assumes fox

_ whi bk enCeally Yeor.ea .
A ° 7 /b' roéui-tt-nghh a damped oscillatory time peatin

'\(A,\oLU‘\M ..:mu?f/?
In order to sxmmine how such g\modal subjeat to random shocks

behaves over timo) Pisher eomputed y{ for 100 time poriodlq
obtaining his ./, by random selecticns from a sirmlated normal
population of the 4, ,The error model in contrast to the
mechaniecal model ) exhidited a persistent aoycle: the random
shooks eounteracted the dsmping sffeet due to the assumed
values of oL and 3,

Hieks in his volume on the Trade Golo consluded that "the
theory of damped fluctuations and erratie shocks prove unsccepte
able .., "for the correlation between suocessive oycles 1s quite
small.” This objeeticn is true but irrelevant, The rejection is
based upon the unwarranted assumption that the period generated
by sueh a random shosk model is basically the perlod of the cyele
due to secelerator-multiplier mechanism,

The randem shocks in this case are samples drawn from a
universs. In sugh drawings you sxpeet to have runs of verious
lengths of similar valued shooks. Sueh runs will tend to
build up the ampliti:de of a deviation from the equilibrium level
of inoome. These large deviations will lead to the persistence
of the oselllatory movement, If the random shocks are of a sige
nificant sige relative to the equilitrium level of incoms, the
resulting time series would tend to show & small gorrelation be-—

tween the corresponding terms of successive cycles as determined
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by the sccelerstor-multipller meehmiﬁn. Novort?w}eu the time
serles would exhlbia: Mmu movement with verying amplitudes
hﬂthe individual oycles,

Pisher's =z prosch is vq;l.nomble to & second cament made by
Hioks: " quite moderate redustion in the investment coefficlient

leaves us ¥

: with fluetu-
ations that are mainly random: with flustuations, that is, that
remain unoxplained.” Figher assumed that the standard deviation of
the rzndom shoeks O, 18 5 billion: his equilibrium level of
ingcome 18 S7 billions., A positive shock equal to or greater than
one standard deviation will coecur about 16% of the time, on the
averages in Fisher's simulated population, suoh shooks oacur about
19-1/2% of the time, Let us assume that 7, > )ooi™ Jg-r = 57
billion and that two successive shooks of +5 ogour. J,, = L2,

\/{7 yy 6 ¥ in this event. In Figher's population the mean value

2
of the shosks — 18 7.7 . Using this mean value we ’ot Ve (s

‘ \/e LY “77 . By inspection of the time series exhlibited in

Pisher's article we get that en income Z b8 Billion ocourred 6 times ...

2 7Y Billion 3 times. '™e population would on the average yleld
an inoome 2 68 Billion by means of two suocessive positive shooks
of 5 Billion or morve 4 times out of 100, Taking into eecount that
different lengths of runs of similar signed shocks whl oh could yield
the sxtreme deviations we acnclude that Figher's seorles 1s essen-
tially the result of the rffdﬁ shooks, Mﬂo effect oi‘\ B
the acceleratore-multiplier medel is to make each period's income wrd
wolghted averace of two previous incomes plues or mimus & shoek,

Thia Fisher model \ghorefore {8, vulnerable to the contention of Hieks
that 1t leads to an unexplained oyclet it is therefore similar to

the "tomorrows income will be todays income"™ school of business

i

5



cycle forecansters.

It 18 also obvious that if the variance of the shocks were
smaller, for the same 4o u /3 thet “isher assumed the result
would be a damped eycle: Only by leaving a great deal of the
oyoliocal phenomena unexplained can Hisher achieve his result.

The approach to the use of stochastie procesases in economis
analyeis which Fisher used and which Hicks oritioclsed assumes
that rendeom shoeks are attached to a systematic generating funetion,

e S LU
Thf) spproech $o economic¢ analysis can be imputed to Haavelmo's
paper on the "Probability Approach to Econometrics”., The ideoloegy
of Haavelmo's & proech is given by the following quotations:
What we want are theories that, without involving us

in direet logleel contradiction, state that the cbserva~

tions will s a rule cluster in a limited subset of the

set of all conceivabdls obgervations, while 1t is still

eonsistent with the theory that ln chservation fallas oute

side this mibset now and thenc..*, and

The question is not whether probabilities exist or

not but whether ~- if we proceed as if they existed we

ar: able to meke statements aboat resl phesnomena that are

sorreact for practical purposes,

The approach embodied in those two quotations can be derived from

two sources! (1) the residual variations in correlation analysis
after the systematic effect of the "verisbles” has been eliminated,
and (2) errors of obaervation where the fallibility of humans end

of the measuring instruments combine to yleld observations whiech do
not, in detail, conform to the real world values, Te Haavelmo
approach leads to the formulation of esencmic problems in the light
of statistioal testing techniques, This is an appropriate transform-

ation of economic models where the problem 1s to apply such tests to

Lo Noavitrmo T 0 Tt fudatitihy &t oo i, Bativlissin
Vin M;WQW&J‘ Qv% (444 p o



IIX.

Cin he

b -

sconomic data  However, it is not the appropriate sappreach to

the mnstruction of a "stochastie model".3

The fandom Parameter Approach
Ag an alternative to the faavelmo errors of observation
and unexplained reslduals approach to the use of stochastie
procesﬁea in eeoncriics, we can contrast a forvmulation of an
aocoloﬁntor«multlplior nodel in whieh the parameters have
G plinnto T
stochastis properties, S5uch a model pestulaetes that the economy

hes T enplaine A 1adtame 4
and—tbe—prossssessaontein elements whioch are in thelr very

et Avun tlrvns G ) Narnd

S variables. This pestulute will be embodled in
statements whioch assert that the velues of certain attributes
of the slementary economie unita, firma or housholds, after
allowing for the constraints of market conditions, technologieal,
production, or utility relatlions, and specified behavior Prinm
eiples, may =till take on any of a set of values, These attri.
butes will be characterized by a probabllity distribution,
Thersfore, in any model in which sueh an attribute enters as a
paremeter, the varisbles of the model are not strictly deter-
minate, It-maybe true—thabt—the—time—pressss involred—La-the—
Tyt R EtrT oty —detesminate
asyiptotie-dsebributlion ol-the-vaines-of-fho-paraneters and.. .
therefore-ofthe vartables; "To characterize the economie

1 GO 5 “ps b1

3.

The tendensy in such 'testing' stoshastic models to assume
that the random term is distributed normally, with a gero mean
is earrying the sssugption made in errors of mesrsurement analy-
sls into thelr theory, and this is consistent with the origin
of this mproach, Certainly in economic analysis we should ex-
pect to find that the probability distribution of the random
variables wh'ch are generated by esonomlic processes may deviate
from the 'nmormal' probability distribution. We should expeect
the processes of economle life would often lead to 'equally
likely' slternatives (a rectangular distribution) and to distri.
butions in whiech 'almost all' events would have the seme value:
'Poisaon! type distributions,
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process with the aid of a random process implies that certain
parameters, e.gze the ocutput of a firm, its profitabllity during
a glven period, its investment decislons are regarded as
variables that with glven probabilities assume given veluess
1.8, they are oonsidered random variables, The probability
diatrlPution of & random variable or of a combination of suaeh
random variables Qi a gertain moment is determined by the past
of the economie proeoss."h

In attempting to set up mndels for inveatment behavior
economists have to rely upon expedted values to achleve a
meaningful statemept. PExpootation relations are inherently
of the nature ;ﬁ;;:JESQ the different econonic unitn different
expectations ean co-exist; and the 'distribution of expecta-
tions' becomes an element in the aggregste inveatment relation,
The investment relationj”%ﬂno amount of investment forthcoming
during any period of timo)iu cne that 1s not strictly deter-
mined by the observeble and measurable varisbles of the econ=
cmio system,

If we attempt to apply the random process npprouch)as atated
abovo)to an mcceleratorsmultiplier model of inecome determina-
tion, we have, naturally, to assume that the ' { 'sa' and the '
(> '8! sre the random variables, For the observable and
measurable determinants of Iincome in these models are the pre-

Liqninmy Crran f meo s tamant ")
vious perlods ineamoh Presant inoome is not strictly determined
by these historic variables, 1f we assume that the « mnd A

paremeters of the income=generating model are random veriables,

be Paraphrase of a statement of O, Lundberg, "On Random
Processes and their Applicabllity to Sickness and Accldent
Insurance,” Almquist and Wicksell's Boktryckeri, A. B.
Uppsals, 1940, p. 3.
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In what follows we will specialize by taking up whyone induced

investment coeffiolent. Obviously similar considerations enter
into the determination of the consumption coefflcient.

A model of the economy which ylelds an acscelerator eo=-
efflolent that naturelly is of the nature of a probvability
distribution ean be easily constructed, Let us assmume that
each firm 18 an element in a Marshallian Industry, that it ias
a unit in a set of firms producing a homogenous product., The
firmes in the industry vary in a mamer which 18 consistent with
the doctrine of the representative firm: dAaifferences in thelir
coat structure, produetion funetion, and in the nature (perhaps
.;3::§g1 of thelr reaction to changes, The saonomy consists of
many such industries, and in each industry we assume that the
behavior of the firms is determined by the industry paraneters
and not by the situation in other industries.

A change in income impllies that the set of demand curves
for the produets of the particular industfioa shirft4, However,
firms are the inveasting units, What 1s nseded for each industry
is a transformation of the shift in the industry demand curve
into & chanre in a parameter upon whieh the firms in an industry
base thelr investment daeisionl.; The impact upon a firm of e
shift in the industry demand curve depends upon the market
structure of the industry. In a empetitive industry,a shift
in demand affects firms by means of a change in the market priee
of the produst, This change in prise implies that at the old
price a quantity different from the quantity actuaslly taken
would now be taken. Let us assume that the inveatment declsion
of firms 18 based upon the firme estirmte of the change in the
quantity that the market will take at the price that ruled prilor
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to the shift in demend. Each firm wiit onumatoftne quentity
of the produet which it would be profitabls for it to produce
by allowing 1its plant sigze to very. The investment by a pare
ticular firm which 1s induced by & change in fnocms will be
the change in fixed capitel necsseary to alter its plant oiso
plus whatcver ohango in workin: eepltal tiast 18 needed to pro-
duace tho optimum output. Such induced investment in a
oompetitive industry may teke place by mesns of a chenge in the
nunber of firms in the industry Pather than by means of an
alteration in the sigze of the plants of existing firms,
We tnerefore have & partisular firm investnent relation

of the forms

T be 1, (8)m TR, (841) « Q@ 5 (8-2)) where

L] > K‘/’

A N 1 ®» investment b rtioular fimm

- (; R nvestnent by a partiocular

e Y 70 A= tndustry index

o N L

Ce S = firm index

| 0" m goefficient of induced investment for a partieular
firm
Q (t=1) ¢ estimate by the / firm of the quentity demanded at

0%
the nrice of t-2 during the period t=l

Q (¢«2) 1 quantity sotuslly taken at the price of te2 during
the period t'zqg

Q ﬁ/'(t.l) - Q )\(t-Z) g th:;tirdh‘ontimnto of the industry demand
curve shift
The emount of investment that takes plsee in an industry will
be given by: '

5, m-zi,\/, (t) = Z,(Q>/(t-1)-ca‘;(t-a)).

L. |~‘\r

Heroleally assum ng that sll firms 1n the A industry, estimates of
Q N p (t=1) ara-the s / we have

Se That 18, every firm in the > industry has the same estimate

add e a%Tanbtl ol AP Aomawmdl Pase s o sdes ade
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b 1 (t) w /T ((t-1) - Q , (-2) _73 N e
The smount of investment induced in the economy is the sum
of the Iinvestment cf the different industries:
7o Iy= 21 5 (t) = 2/7(Q (t-1) =« Q ,(t=2) ) E%57
>

However, by the aggregabe accelerator relation we also have

by that Tbt"/s()'{,‘_,“Yp.,), ’T‘\cr:,ciow_\n& have Do
L s JHs I W e e L e e A

8o B ¢ Wyq =¥ o) = f_[(q \ (8a2) o Q@ , (t=2) E2e7

Q) S ) 2
kl?‘t;ﬁ.-,‘ 9./‘75t_A[(Q>(t~1) Q , (t=2) ) E57

\ Tt1=Y tu2

If the set of shifts in industry demand ocurves which is implled
r> i/ by & change inineome isdeterminate, aqd yf’ the impsct of those

(A
A

shifts in industry demand curves upon particular fims investment

A
Indeterminate, then ﬁ g * the coeffiscient of indused investment
)] .4 wil nvt e 2 vanden. Vevivhle,
i will be determinatey ‘ For the aggregate ocoefficlent of induced
G .5
TR |
i i;‘ investment to be & constant we have to 2asume that each 'T)y, is

indspendent of the sige and direction of the shift in its partiocue-

lar industry demand ocurve, and that the shift in each demand curve

Q N (tel) = Q )(t—é) 13 a fixed ratio t_° Yt-l - Yy oo Then we
would have that Z 5_ ¥
{ o (} o 2L0Q (1) - Q ,(t.z)_?_‘ﬂ Y
X o t Y -» Y
tel = Yta2
\';\‘-_\" J ;\: =~
R 1. (%= 7;\ a constant
S o
o . It
d ¥, 18 the "industry" coeffielent of induced investment.
5 r \K
r - %"‘K
X
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Yoo = Ty

3 12.

= ;'\ w oconstant: as j,  (t=2)

is used to estimate Q (tel), 1 A is squivalent to the nmarginal

propensity to consume a partiecular good.

¢ " '
/( 13. /31; - 2 ;) f;‘ = gonstant, 1~ m are Pt et

] X . . N v cajw ’ *
™~ Ir &e got of shifts in Industry demand eurves whzoh is

azsoclinted with a change in inocome is determined by a process
whiech can be considered as anslagous to sapling, then at any
time the shift in a particular industry's demand curve, whiech is
the immediate cause of inducing investment, can be considered as
a sample drawn from a universe. In addition, the smount of
investment which a given ahift in an industry demand ourve will
induge gan be interpreted as depending upon the reactions of the
affeoted firms, end the firms' reactions to particular stirmll

be hereitimmgd 10

may have a probab{lity distridution, In tr th oiroumstances

the //5 coefficlent for the economy is a random variable.
t GAv. a~ ‘

Combining the $we, we have that the probabillty distribution
of 4, depends upont &) the probability distribution of partioular
shifte in industry demand curves given a particular change in
income Yt-l RPN | b) the probabllity that a particular set
of firms W from the set of all fiyms N being affected by a

10. If en industry consiste of a large mumber of firms, and 1if
the probability distribution of reasctions by firms 1s the sane,
then aggregate investment will be a sumation of the reaction
of a large mmber of firms, By "laws of large mumbers" the
surmation will tend to be stable. If an industry oonsists of a
small mmber of firms, the summation of randem variables which
18 the aggmgato investment relation will tend to be unstable.
This om be interpreted as implTiying that for compstitive indus-
tries the stbehastic elements in the determination of A is
relatively unimportant, whereas for oligopolistic industries the
stochastic element will tend to be more significant.
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particular ehange in lneoome Yt-l - Yt-z' If the above probabile
1ty relations spply in the determination of (fS & ’wo would no
longer expeot s fixed relation to exlist between & change in
inccme and a change in investment,

/‘
In order to contrast a tyue stochastle process with the

error process vhich 1s m approach, we assume that A s
a random variable whose value at any moment of time is drawn fram
a probabilisy distribution which depends upon a) the structure of
demand cwwve shifts whichresult from a glven change in incomej

b) the set of firms for which the resultant demand curve shifts
tmply investment; e) the relation between output and capital
stoek for each firm, As B 18 a function of a subset of firms
drawn from the set of all firme, it is & true random variable,

If we assume that the structure of demand curve shifts which
result from & ~iven change in insome is independent of the level
of ingome or of the change in income (that the marginal propensity
to econsume partiesular goods 1s eonstant), and if we a ssume that
the magnitude of the individual firms accelerator oocefficlent 1i»
independent of the magnitude of the shift in the industry demand
gurves, thern we have that the aggregate accelerator prebablility
distribution 1is independent of the level or change in ingome.

The probabllity distribution of [> will be independent of the

time path of ingome, Such a model of the acoelerator process
results in statements that given the value of "( » the reallzed
value of ﬁ will be in the interval which results in the esonomy
being in either damped u&wdtozic. danped osoillatory, explosive
oscillatory, or explesive sr determlnate persentaze of time, Such
s proposition is truly stochastic, as it is based upon a frequensy
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distribution of tho'ﬁ 's froi which the observed values are drawn,
For exemple, in an accelerator-multiplier model of the type

Y, =(d+ )Y, , = ,G(Yt_a) the following table gives therange
of values of {)’ which, for given ol'., place the egonomy in

each ptate:?

L ok

Values Values of ﬁ
of States of the economy
o/ DAMPED | EXPLOSIVE
monotonic | oselllatory || oselllatory| monotonie

. 3 Qe olt7 oli7-1 11,73 137 3=

. O, 30 30+1 1-2,10 2¢10=

.Z O= 420 e20=-1 1-2.20 Z.IZO-

'3 On 01% 033:1 12, <) 2e 6=

o5 Ow,0 «0C=1 12,92 2092~ |

The probabllity of the economy being in any state depends
upon the probabllity of P having the value appropriaste to that
state, For example, with o = ,9 the protabiiity of the economy
being explosive syellieal, dependz upon the probabllity of ﬁ
having a value of between 1 and 1.73, An we are using a Hioks
type model, the probability of the econimy being damped or belng
explosive depends solely upon the value of the ﬁ coefficient,

In-m—ﬂmw;'nlultrate how such a purely random V- +blc
would sffest the operations of the asscelerator and multiplier
model, two tast runs were made dsing the values of the constant,

) » Oof the marginal propensity to consume D( » and of Y nd

a
t-1
Y, o that Fisher used in his 'random variable' model, In the
first run (3 was assumed to have a reotangular distribution,
with the values of (b = 0, - 25, = ,50, = ,75, # 1.0,

o 1,5, - 2,0, - 3,0, = )i all being equally probable,
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The resultant series sxhibited a great amplitude of fluctuation in
the first half of the serles. Then besause of a run of values of

coefficlents which lead to a highly dsmped movement of inecome,
the series exhibited a very damped oycle, Of course in such &

A »
series 1f Yt—l - Ye-z = T the eysle would die out, The

damping of the series was so great that in the latter part of the
sample the oyele well nigh dissppeared.

A sesond test of B as a random variable was made using a
triangular frequency distribution.ef——— The frequenoy distritue
tion from whiech the sample of P values were drawn wast

Relative Frequency

0 1
ég 2
a2 "
1.00 L
1.50 3
2,00 3
ﬁ:% 1

The time series whishr esulted does not exhibit the extreme
flustuations that the tire series derived from a restangular
alstribution of [> exhibited, The fifty period time series also
did not show the 'dsmping' of the cyecle that the rectangular
distridution exhibited, The reason is obvious: with the proba=
bility distribution in the second oase, the chances of a 'mun! of
values of the (5 soefficlent which leads to a highly explosive or
a highly dmppod movement is much lower than in the rectangular
dlstribution, As & result the extrene fluocuaticns and the extreme
demping assoslated with t he rectanguler distribution do not oeour,

We s-uld sontinue to analyse the implications of ﬁ being a
probability distribution independent of the level of inoome, OF
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the path of ineome by experimenting with additional frequeney
distribution of zﬂ s taking samples with replacements from

these ﬁ'équeney distributions and observing, for apecifisd values
of o the res:ltant time series, liowever, the assumptions thet
were mades- that tha structure of demand curve shifts vhieh
result from a given ghange in income 1s independent of the level
of inooma or of the change in inoome and that the magnitude of
the individual firms accelerator coeffisient 18 independent of
the magnlitude of the shift in the industry demand curve (in
order to derive the probabiliity dlatridbution of @ independently
of the level or the change in income) « are strong. Let us
asmume asmmpblone—by-apeuadng that the expeoted value (mean) of
the frequency distribution of -—(.-1- cdependa upon the shange in
lncome and the difference between last periods income and the
previous peak ineome.

— ¥ ,
1o —?{ - cf(yhl,yw,yhl.y ) « This model

where 'Z: is the mean of the fresquency distribution of ﬂ ,fcwfw v
¥o. 2 non-linear stochmstic model:t let us assume that the value

of the variance gf‘_ the frequenay distribution of ﬁ is independent

of the value of ﬂe s and that the mean and the variance are the

only relevant moments of the frequensy distribution of /~" o« Ve

can now write the income generating function as:

1Be Y, mAeokY, )+ B e MO LYy =Ty, T =

where the aotuml) value of the agcelerator coefficlent at time ¢ ,
&t = A"{'q- M G;t o Depending upon the relation betwsan C:t and
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(b ¢ ? erd upon the frequeney diatribution of gt we have that we

can essign a probabllity to ‘Gt falling within any range ﬂ, « /J* « /3 )
0ege F [73“: Ao and O tf/s,] « Tis can be written ast
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For each .‘vnlue of o 'we oan define the values of ﬁu and /2,
which puts the economy in any of the four states, and the glven

values of Yt-]. and Yts- 2 detemine the mean value of ﬁt .

Therefore we cen determine the probabliliity that the economy will
be in the different states,

For example, the probability of damped asymptotioc state for
A= ,8 1u
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As the probability distribution of pt is a funotion of the
time path of ineome, we have that the probability of ﬂt being

) .

such as to vlace the economy in each of itas four states is a
funetion of the nath of 1.oome. If the variance of the probablility
distribution is smell, we have that the probability of the economy
renaining in the uphiva state, where the value of g: is high,

is greater than the probability of the edonomy remalning in damped
oscillation, where the value of P: is s1all,

We have assumed that the effect of the rate of change of
income is to s:ift the mean value of the frequensy distribution of
the accelerator ccefficient, leaving the varianase of the frequency
distribution of the accelerator aceffieient unchanged. WWe have
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aleo asmmed that this verianse of the frequenay distribution
of the accelerstor sceffislent is small iﬁ(ngpect to the
texplosive' values of the eccelerator coefflcolent and relatively
large with respect to the damped values of the accelerator 6o-
officlent, We therelfore have a model in which the probability
that random veristion will lead to a change in the direetion of
the movement of ingome 18 high when inoome is changing slowly,
but the randow precezs has a smail probability of affeoting the
value of the naaslerator coefrlsient suffioclently to change the
state of the model when inoome i3 changing rapldly.

4 gugcession of high valuea of the » ccelerator coeffielent
in relation to the expected value of the acoelerator coefficlent
may, if the sconomy is in a damped state, lead to an explosive
movement, 4 succession of small velues of the accelerator co-
effieient in relation to the expected value of the aocelerater
coeffiolient.-muy, . by desreasing the rete of growth of inecome,
lower the expoeted wvalue of the socelerator coefflicient through a
number of tirme periods 30 that if the economy had been in an
explosive state, it enters a damped state. Tﬁrhsz%ochautio formue
lation of the accelerator generation process éan be sombined with
éﬁ; model o the sccelerutor generating relation which leads to

e ano
olther explosive or stegnant states as stable states, THIF
inflation~stagnation modol,;;?not eontain a satisfaoctory mechane
ism vhioch would result in a shange of the eseonomy from State A to
State D and vice versa. A combination of the random element and
the systematlis element makes it unmecessary to posit 'shoecks'! or
‘orises' of the ~agnitude of the stosk market orash of 1929 or of
World War II in order tc have the economy shift fram one of its

stable states to another of its stable states., Although not a
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determinate relation, the allowance for the variance of the
accelerator coefflecient 1s sn endogenous economic¢ phenomena,

for 1t 1s simply a statement to the effect that the investment
reaction of a particular economic unit to a given economic change
(a change in income) is, to asome extent, indeterminate. As a
result overall esoconomic behavior which 1s due to the coefflcelients
of macro-~economic models, such as the accelerator coefficlent, is,
to some extent, indeterminate,

The stochas?%s rameger approach, combined with a non=linear
formulatio TZQ:ZS u;r;;;&f;ossibilities for emplirical and theorete
1cel work. It is obvious that I have not worked out the mathee
matios of the mixed integral- difference equatlon that this
g proach ylelds:t I do not know 1f the solution is within the
scope of exlsting methematics. I intend to find‘out. Secondly,
the possiblliities of emplirical work that 1s opened 1s in the
direction of the relation between a change 1in income and the
investment relation of individual firms. Do all firms tend to
expand "proportional 1y", are the coefficlents of induced invest=
ments for different firms the same: are the coeffioclents the
ssme for the different industries? Only by knowledge of this
sort can the real world frequency distributlion of be estimated:
end from this real world frequency dlstribution the adequaey of
a stochastic formulation of the accelerator as a generator of

business cycles be estimated.
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