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Bome Aggregate Busineas Cyele Models

H. P, Ninsky

Introduction

A lsrge part of current husiness cycls theary consists of the construction
of dynamic agiregate wodels which gensrate & time series of incoms. The aim of
this activity 1s to construct & model which generates s time seriss vhose
characteristics arve similar to observations of income, The various formulations
of the dynamic income genmerating proceas that have been presented differ in meny
dotails. Howsver, there is & large faxily of such models that ere tased upen
the interaction of the scceleretor and the multiplier relations. This Semily of
models will be exanined, sterting with the simplsst linear model and progressing
through varicus modifications.

The simplest linsar accelsretcr-aultipiier model has sericus defects. This
mode)l can generwte cnly a limited mmber of types of time sexries, uone of vhich
are sufficiantly like vhat has besn chasrved to permit the acceptance of the
sioplest linesr model. However by making additional specificaticss models which
nore closely conform to the cbserved patterns csn be derived.

The exphesds in this paper is wpou business cycls wodels. Essantially the
same mochenigm that is exsmined here can be used to construct both growth models
and models wvhich generate hoth cycles and growth, To facilitate the expesition
the two problems are separated: oaly the construction of business cycls models
wiubeeminuhmft){l)

In the first sectien the problems involved in constructing a useful freme-
work for the analysis of business cycles will be stated, This will dbe followed
by & discussion of the linear model, In the next sections alternative {though
not necessarily mutually exclusive) modifications of the linear acceleratore
multiplier model will be examined. In the concluding sectica it will be pointed
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out that the sccelerator-multiplier hypothesis is useful because it can be
nodified in these alternative ways.
I, Problems in Using the Accelerstor-Multiplier Premework

Although the searxch for a satisfactory formal model of the income generat-
ing process may seem like & mathematical game, the sericus purpose of the effart
is to discover an apparetus vhich can serve as a useful fremework for the analy-
sis of events as they cocur. Buch & fremework is desired in the belief that 1t
vill make possible both the prediction and hence ultimately the control of events,

The acce leratoremultiplier approach 4s both formal and abstract. It i
formel in the senss that the solution is a msthematical ccnsequence of the assumpe
tiona. It is abatrect in two senoes!:

(1) The models directly gensrate & time series of only cne variable, cone
veniently called income.

(2) The models have but & fev parameters and the underlying behavior rela~
tions greatly eimplify the bebavior of the various classes of economic wnitg,

In eontrast to this approach is the oue that exemines the observed behavior
of and the texporal relations amcng & multitude of time seriest the more the
merrier., It is assumed that from the examination of the many series & regular
pattern of events vill ultimately bs revealed. This revealsd pattern is to be
both the predictive tool and the key to the correct amalytical spparetus. The
"way of working" of this approsch is to prepare a oatalogue of time saries of
rev dabtae and of constructed indices, and, from this catalogus and ecommic
history, to prepare a “consensus” series. The relations smong the many eeries
and between oach series and the "consensus”" series 1s examined, and a small
number of series that consistently lead and coafiora to the consensus of all
sories 1s derived. These leading and conforming series beccme the indicators.

Aside from this "correlatiocn” no snelytical relations betveen the various key
series are derived and therefore no resson exists vhy the pattern in the future
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should be similar to that vhich vas chserved in the past, The predictive value
of the results dspends upon the crude assumption that there exists scme unknowm
wechanism vhich generetes the cobservaticus, and that this unknowvn mechenism does
not change. That 18, in spite of the growth and evoluticnary attributes of the
economy, it is nmively assumed that the "future is like the past.” Note that if
ihinmthodpndictsuaaumhmmeuhmthugmthemmto
mzm.hwthomtdcmumbowom& Even if the indicstor apparatus
consistantly leads to good predicticas, as long as no behavioral besis for the
laad and lag relationships are postulated and tested there are no control possie
bilities,

The cne-dimensional set of models being studied here is based upon behave
iorel assumptions. The models are constructed on the basis of formal statements
of hov presumably significent groups react to the variables in the model, On
the basis of these assumptions the formal model generates & time series of ine
coms. If this time series is sufficiently similar to observaticns, the model
can be uged as & predictive tool, If an unwvanted event is predicted, the possi-
bility exists that operations upon the world can affect the behavior of the
significant groups. This would make the future different from that predicted
and presumably the unwanted event would now not oceur. Hence an analytical
spproach to the problem does hold cut the possibility of achieving an cperaticnal~
ly significant analywis of business cycles.

An econoxy 1s a complex evolving beast. Any formal spparstus is necessarily
based upon A amell nusber of relstions which isclate and ezphasiwe s limited
nigber of attributes. For the formsl model to be useful it is necessary to
define how varistions in attributes not contained in the model affect the work-
ingsef the model; that is, it is necessary to specify how events in that part
of the world ignored in building the model (the major part of the world) are to
be fed into the model. Obvmlyifthomodeliltobomfulthemcﬁimtiw
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for most such events will be that they have no effect, howsver this specifica~
tion is not trus for all events not contained in the farmalised reactions.

The simplest linesr modsl lesds to very limited and rigid results, PFor
the sccolerator-multiplier framework to be useful this rigildity, particularly
with respect to the period and the mmplituds of the time series generated, must
be relaxed. Vuzmmo:mmmmmeiﬁuma,MMMu
mmmm,mmmnnuw In the limited scope
of this paper no sxhaustive oatalogue of how exclivied svents are to be fod inte
the model cma be pressnted. Howsver it will be shown that varieus modificstions
wmmmx‘?ﬁﬁzwmmww
IX. The Siaple Linsar Homogenecus Model
 An elememtary acoelarator-multiplier mechanisn wvas presented by Semelscn
(10). Its specificaticus aret

(A) Income of eny date is defined as

Yo = C ¢ 1y (1)

vhere ¥y is the incoms, Oy the conmumption esd 1y the imvestment of the tth
date.

(8) Consmgption of any period depends upon the incoms of the previcus
pericd, that is

Gy wolfy . 3 (@)

where a (s cometent) is the margimel (in this model squal to the averuge)
propensity to conmme and, 0 < ¢ < 1,
(C) Iavestment of sny period depsnds upon the realized change in income,
that is
=p(Y.1-Y .2 (3)
vhere § (& oonstant) is the acoslarator coefficjeut and f > 0.3 ALl lags are
of the same lsugth.
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Ypm(aep) Yp.oy-pY .o (1)
Equation 4 is second crder because the lcugest lag is two pericds in length, it
18 linear because the sum of the powers of the variable, the dated income, in
sach elsment is one and it ig homogomeous becsuse if ¥y . 31 =¥y . 2 = O, then
T, = 0, the equation passes through the origin. The cbJect is to find & solue
ticu to equation 4, a soluticn being & relaticn that determines the income of
ey period a3 & function of the dabte of the period.

Assuming that 0 and P sre known real mmbers, it s cbvious that cnce two
successive incomes are known, repeated applicatiocas of eguation & will geusrete
the income of say date, future or past. To do this the following information
1s needed:

(2) The values of a e 8.

(2) Two iattial incomes.

The solution to0 & difference equation (that is, writing income as & function of
time) doss not ecencmise on the inforwktion required, ratber it makes for more
efficient use of the seme informmtion. The solution equation is more efficient
then the original difference equatics in thass

(1) the incame of any date can be deotermined without going through a
tedicus iterative process;

(2) the solution equation ylelds informmtion on the nsture of the time
series genersted by the difference equation vithout requiring the actual gensre
ation of the serise,

The solution to equation % takes the form

Yy = Ay iyt ¢ Ap wpt (5)

vhare i) and upy depend upon O and B axd 3y ard Ay depend upon the initial
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condttions, To derive the solutiom equation, X* is eubetituted for ¥, i
oquation b, ylelding

Walagep)xtel.pb~2 (6)
vhich ean be wwritten as
2(0) =X « (@ +p) X op, (7

Equaticn T 1s the characteristic equation of the second crder linesr homogeneous
aifference equaticn. As equation 7 1s a quedrstic equation, ite soluticn (those
valuss of x for which £(x) » 0) is essily determined, This solution yields two
faneticas of O ead B, designated by uy end 1y, which becoms the comstemts in
(or roots of) the solution egution. These roote cwrry the infoarmation contained
1n the Jnown c end P from the ariginal difference equaticn to the soluticn equae
tion.

Same knowladge of the roots iy end 1o can be obtained by exmmining the
characteristic equation, equatics 7. The dsrivetive with respeet to x of
equation 7 1s

ti{x) = 2x - (& + p). (8)

1 x <ZLL the darivative 1s negative, 1f x > L L 1t 1s positive. Hesos
£(x) s decressing in the rangs - » <x <Z5L w4 tncreastng 1n the range
23R <x <w The mintwm potnt of £(x) oseurs vhen x = A8, ur@-;-ﬂ:»o
the roots ere conjugate couplex mumbers. Equations 7 and 8 yleld the fellowing

table: 1A 8
{ /\/
L -l
= . T ,
0 p>0 (@ +8) <0 LBz
1 l1-a>0 2-(«4-&);0
a+fpIF0) la+p>0

Assume that £{E t D) < 0 so that there are two resl roots, sad recall that
0<a<lm@ 0<p, Ifea +p <2 both real rocts are between 0 and 1 an £({o)
1s positive and decreasing and f(1) is positive end incressing; hence the
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mintmm point of £(x) and the values of x for which f(x) = o betwmou:ﬁl.

By similar resscuing 1f @ + f > 2 both resl rocts are betvesn 1 and o + B, (If
u*p-athmf(!-s-e)-f(].)-l-a>0wthntthoro.remmlrvots.) Note
that wvith 0 <1 <1, B > 1 1s a uecsesary cooditiom for the existence of real roots
groater than 1 snd § < 1 1s & necessary condition for the existence of real routs
loss than 1. A
1t 2(24-8) = 0 there are two 10entisal real 7outs, these mey be Lass thum
or greater than 1. (The case of &= p = 1 ylelds two real rocts equal to 1;
this is ruled out by G essuaptions.)
nt(“-gsﬂ)>ommmmmmmmwm. The sxemine-
tion of the proparties of these roots will be taken wp after solving squation 7.

Bolving equaticn 7 ve get that i<-3¢
£+ QU @+s)*-44 a0 = [d+ )98 T
up = Bp =~ — (9)
2 o

Ir (a + 8)2 - b p (the dlscriminant) 1s positive, then there sre two real
roots; 1L 1t is negnative, the roots are conjugate complex mmbers.

If py Wl up are real mumbers (note that uy > up), then as uy and pp ere
either both less than or both grester than 1, incamw is either moaotanically
incressing (uyy Hg > 1) or mnotonically dsavessing (g, by <1). The fncoms
;twuuuswwudmofnlmuaﬂmemu. The weight
of uy &b the ¢ date 15 &) uy® ~ 1 and the wesght of o 1 Ay i® “ L, s
¥y >“2 the weight of 4, increases in time so that eventually the time series
mmtodb&svuuﬂg;_methemlyrchmtolmtj #] 1is called the
dominant root.

If uy and pp are conjugate complex numbers then

eGP (tnt b+ 50t 6)

Se Blcat b bintD) e
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vhere [0 7 i 1s the "modulus” and @ 1s the angle vhose
ir A T .
cosine equals ;‘Fé and vhose sine equals 6 (ag)

2/ n
Equation 5 therefore baccmes

A mfalmte+12-uta)mn1uswmwla. (11)

Equation 11 will generste a cycle vhose pericd is 360°/0 and whose smplitude
16 2(0. The amplitude of the cycls vill decresse in time (the cycle is demped)
ir fﬁt\,hllimseintin(thocychinmlmive) 11‘(),7>I or will not
change it /3=,

The boundary between cyclical and somotonic time series is given by
(aop)2~ue-o,mmmmmivesmawiuugmw
f » 1, This Imovliedgs as to the types of time series that a linesar accslayator-
multiplier time sories can generste, ad the values of a and £ vhich gensretes
uchmeuommmmmmf

e
Diagram 4
The State Disgrem (after Samielscn)
O+
/6 O .
/ N
ja— .\_

o 7l
Each regicn and the line § = 1 of Diagram A represents an alternative
possible type of time series that can be generated by the linear model. We
will call these altemative types of time series "states” of the econcamy and
depending upon the value of a and P the econosy can de in cne of five statest
State A: monotcaic end dsuped
" B eyclical snd daxmped
" 01 cyelical end constant amplitude
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Btate D: cyclical and eagilosive
" B: monctonic and exploaive

Btate A includes the border bétween states A and B and state E includes the
barder between states D and E.

memtofbmm”mhm-umhofMSmeubhnﬂn
of the economy sie unsatisfactory. Gtstes A and D ere not cyclical, states B and
Dvhiueyc;umlu-eeiﬂx]ordmdcrmmwe. State E is too regular to repre-
sent reality and of course the requirement that p =« 1 is too rigid for acceptance.

In order to use the accelsrstor-mltiplier machanism to generate mare
satisfectory types of time series additicnel specificaticns have toc be mmde,

If the assuned values of o and P ere such that the economy is in state A or B,
then scme regulsr or random method of suataining the fluctuations is necessary.
If the asswgption is that the system 18 naturslly in state D or E, some method
of constraining the linesr system is required. As an alternative to sustaining,
or constraining a linear system, it can be specified that a and p changs and
their values are either determined by thes past of iancome or are random. BSpeci-
fying that a aod £ depend upon past incomes creates & nonlinear model. Another
available modification of the simplest linoar system is to assume that consunp-
tion and investment eare not homogeneous functions of inceme. This is most use-
ful in conjunction with models which regquire eithsr repeated sustainiag cr con-
straining. Of courss each time the formml spparstus is modified, cpenings are
made for feeding additiomal knowledge about the nature of the economy into the
mnodel.

8o far all that has been sxploited is the information contained in a and £
and it has been shown that the type of time series generated depends solely upon
these parameters. The initial conditione determine the value of Ay and As.

The lmowvn incomes of two adjacent dates are arbitrarily designated as the in-
come of the zero’th and the first Gates, ¥, aad Yy, If 4y and uy are real,
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from equation 5 we get Y, = Ay +Ap and Xy = Ay uy + A, o which ylelds

_ Y. - Y;,/“\
A‘ ‘ AL, U
(12)
- A
L /"'1.-/“"

Itulamlagmcmm,mmumuwmronllmo°+§gumo°
and Y = /3(Ay cos O+ Ay sin O") vhich ylelds

K]_-!o
2% - (o +p) X (13)

f‘é (1 B)"

The information contained in the initial conditiocns is of particulsr im-

portance in determining the behavior of a monotonically explosive series. If
BLPUa > L, N > >0but ua Yo > X then Ay <0, Ap >0 and(4,) P 4]
In this case an initial upward sovement of income cen result in & dowvnuard ox-
plesicn of income even with uy and uy real and greater them 1.

In vhat follows the comditions that sustain an othervise dmmped series, or
constrain an othervise explosive seriss will be interpreted as the establishment
of nev initial conditions.

n g“@iiﬁ&%iﬁéﬁamammu,wmmmc
change, can be altered. As is obvicus from Table I, rether samll changes in

G ar f can radically change the stats of the economy. For exmmple, with §
slightly larger than 1.50, a fall in @ from .95 to .50 will change the econcy
from state E t0 state D. Hemce by shifting a or § through reather small ranges
2 time ceries is generated vhich i3 the result of the econtmy being in different
states at different dades, As the period depends wpon G and £, and the mplitude
minly upon £, & time series generated by a variable pattern of changing values
of G and B ocan exdhilhit & desirable irregularity of both pericd and sapglitude.

As any pattern of obssrvations can bYe reproduced by assuming apprapriate values
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Tadbls I. Bowders Betveen the States in a Linexr Accelerator-Multiplier Model

Values of Values of p
Boundaries Betveen Regicas
a A+B (82‘;. Bc) o=+D+ E
95 .60 1 1.50
.90 M7 1 1.73
.80 31 1 2.09
.70 .20 1 2,40
+60 s 1 2.66
.50 .09 1 2.91

of a and B, the hypothesis that ¢ snd B vary is not satisfactory becsuse it is
all encompassing. A more restrictive hypothesis that a and £ vary in some
sprcifingd way is nocessary if s refutable and hence acosptadble model 1s %o be
constructed. Thres altermative classes of specifioations of how ¢ and B vary
csm be idemtified.

(1) © and £ can be reniom variables drawvn froem some specified
popaliation;

(2) o et p can depend upon the past of inecms;

(3) o snd ¢ oan depend upon 1demtifisble cocurrences exogenous to
the formal model.

An sceeloretor-multiplier modsl with random ¢ and £ cosfficlents is cupable
of gensrating a satisfactory time ssriss. The fact that Ly sppropriately select-
ing c and p any desired time series can bs reproduced is evidence that thare
exists a pepulstion of G's 4l G’ and & drav from this population vhich can
gonerate an appropriate type of time series. This cpen~ended existence
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argaent 1s not sufficiently restrictive to be acoeptedle., In the rendom-
paremster sppaoach to be useful it is necessary to be able to define the popu~
uﬁummammanuuma'-mm The populstion charecter-
istics md the drmwing procedure have to be defined as analogous to chmwcter-
istics of the ecomomy. A begluning toward the studies of such models sppesrs
in Minsky (8).

Goodwin (b) studied models in which the aseeleretor varied both as the
result of the past of imccaes snd as the result of identifiable occurrences
sxogencus to the model. The formal apparatus for stulying these two nmlinesr
variants ie the same.

Gocdwin specified that)
(nmummaw;wmmmmm;
(zjmuummxmz:wmm«mxmm
(3) o, =K ‘m"'m“?“‘(’t-l"’%.e)<:°

#
(h)Itx(!t,lﬂ-!g.,g)>;nﬁt"%-l"t-&‘)')/'V

\(\f\{k
28 » ) ?li

(5) XK (Y o2 =¥y .2) <K, Py = t-l“t-a)'}(‘(c»v
Y

Disgram IX
M!snmmmamrg,l-xt,a
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argunent is not sufficiently restrictive to be accepteable. In the rendome
Mwmumnumummmwmmm
lation frem which the aperative a's and f's are drem. The population charscter-
istics snd the drewing procodure have to be defined as analogous to character-
istice of the economy. A beginning toward the studies of such models sppesrs
in Minsky (8).

Goodwin (1) studied models in vhich the accelerator varied both as the
result of the past of imcomes and as the result of identifiabls ocourrences

exoganous to the model. The formal appmratus for studying these two nenlinear
veaxrisnts is the ssme.

Oooltwin specified that:
(1)tmummmawxwmmzmmmtrm;
(2)maumm1mnxwmmwupzmwm

that can oceur during any periocd.
(3) By » K ummtulmgu? <K(Yt,1-!t.g)<;.

®

L )
MR (Y 3= o) >* -
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In Goodwin's model, as is illustreted in Diagrem IX, P is elther constant o 1s
a ppint ou a rectengular hyperbele.

Iot us asmms, with Goodwin, that the unconstrained valus of the accelarstar
cosfficient (vhen p = K) {s sufficlently large so that the economy is in state E.
lat us consider incressing incomes. Az long as the accelsrator cosfficient is
unoccastrained, the monotenic explosive expansica will result in incremsing
aritimetic increasss in income. This vill comtinwe Wntil the smourt of induced
investment exceeds ths ceiling to investment, &t vhich time the value of the
sceslerator falls, As & result future incomes will either be equal to or less
than the income asaccimted vith the celling amcuamt of investment. This in time
leads to & monotonic explosive decline in income. A similar turnabout oceours
vhen the Aisinvestment ceiling baccmes effective. As § varies during this yroc-
es, the period of the cycle being gensrated will vary,

Although Goodwin specified ceilings and floors to iuvesiment as the fector
determining the ncalinemrity of i, sy specificstion which yields falling ac~
celurstor cosfficients at large rates of change of income will lead to & similar
tine series. Mo matter viat the aritlmetic chunge in incoms my be if, for e
given G, P is such that the sconmyy is in state A, income will begia to move
. momotonieslly toward its "equilibrium” value. Hence specifications that the
financial system is such that the interest rate depends ypon the lovel and the
rate of changs of incomes amd that high rates of interest vhen income is rising
implies & lov £ coefficient and that low rates of interest vhen incows is felling
also implies a low 3 coefficient will yisld to a time series similex to Goodwin's.

Aa alternative set of specificstions of the ncnlinearity vhich osn be
rationalized on eccnomic grounds ist

(1) Yor small vates of change of insome f; = O.
(2) For intermodiate retes of change of income B, » 7 (Yp.. 1 =~ Y¢ . 2),

7’59
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(3) Por lavge positive retes of change of inceme py v K; vhich places

the essuoy $n state B, |
(%) Por Jarge negative Yades of chmge of fnoms Py = Ky which pinces

the ssenowy S stete A,

The ovontule seswptisns sve that sunll chauges in Sncems are 2ot sfrisient sal

umwmmummum;mm

S ssmects the effioient and She inefficient rebe of WENGNs of imowm.

Blogren 3 ilinstrwtes hov Py verdes with Yoo “Yi. .-

Diagram 31 Albevustive Specifiontien of the Wun-Sinearities

alhs

It is obvious that this nonlinesr model will either be in state A or in state E.
This econony cither "stagnates” or "wiplodes.” Such a nonlinear model can be
used a8 & framework for a strong shock theory of business cycles; e.g., the
economy will go alomg as it is unless it receives a strong shock. Wars and
Mwﬁmmmmtmm”smum.

" e emibition of & nonlinesr model with specifications different from those
dmummmammaawnm
&mwumm Seokwin's sssaptim thet en investment
sodllitg exists vilch does ot chiagn is wumpess on evencele gromds, Ie £
Soan. Incresss, its vate of incrense my e sufficlently grest to kayp the
GVNAY in state B, If this is trus, Goolvin's »onlinesr cuse bescame oqeivalmt
2 e wwncosptahle otete E linear case.
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(3) Yor largs pesitive rates of change of income By = Ky which places
the economy iz wtate K.
(h)mmmaﬁmmm«m&-xamapm
the ecoucmy in state A.
The econamic assumptions sre that small chauges in income are not officient end
that large cheanges ave efficient in inducing favestmsnt and that & linesr fiumc-

|

pf)ﬁ'dthl‘ 3
AHWM'H& Sheciticatsom 7 ,‘(m'Lie-edvi‘j
o (nstant
. Du Vém ﬂ‘ !
/4\. AHWM*M-;. J)euﬁme t"'oN -z,//u-'.kil.edn'ly
| ;{ Coutnt

&

Ei “ B= K

o Tt

40 the wwoeesptable state E linesx case.
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g. Inharently Daxped Linear Nodels

Consider s livewr accelsrator-miltiplier modal vith @ and £ such thet the
economy is in state B, The cyclical time series geunerated has decressing mwpli-
tude ad & constant period. I time income will settle at some equilivrium ine
case, Given these asmumptions, the sccelerator-multiplier model can be used
only if some mechanism vhich sustains the cycle exists. Both random shocks to
incame and systemstic injections of ineome have besn suggested as sustalning
mechanisns .

The sclution equation for & state B time series 1s

Y wpt2 (A cn tO+ A 2 t0) 0 el e 42 Yo ()

aY,-@+n) Yo
R® e ar
value, equation M4 ylelds ineome as & dsviation frem this equilibrium valus,
Assume the system iz started from this equilibrtum value 30 that Yo = ¢ and

As in time income will settle at soms equilitrium

c
¥ =C 20, Dsis yields Ay =m0 and Az = hati The solution eguation
based on these initial conditions iss
e/
A= Codnt® (25)
Yo -(s )T

Equation 15 generutes an income in the second period
Actual inoome deviates from this gensrated income i.e.,
1,(8) .y, (@ , Gy Cp 3 O
Co is interproted as the second of two initial conditions for ancther accelerator-
_ multiplier income generating process; the first initial conditfon being zerc.
This ylelds another particular solution equation

ey
20
Yer ¥7a-Gmr

As the models are linear, equaticns 15 and 16 can be added.

(, mt-1) & (16)
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By interpreting the deviation of actual incoms from generated income
during each period as the second of two initial oonditicas (the first initial
condition alveys is zero) for an sppropristely dated accelaretor-muitiplier

process we gett

|, o, )
8 4idb, B 3O, S Aind
Income of the nth date is & weighted sum of the deviations of present and pest
actual ineomes from the genereted incomes vwith the accelerator-multiplier proe-
ess determining the weights. As equation 17 can be written as

v Ly = ”’?.‘va(
Yn-cnf%’[u;e6*4+(s',.£.,396,~., e A 'J(:.S)

it is obvious that the weight attached to & particular dewiation of inoome
from genersted incomes decreases with time,

Bluteky (1) showed that s moving sversge of random shocks will generate 'a
cyelical time series. If the C's are interpreted as randum shocks, the time
mmmwmmmwm:puum1ueqmuumta;sm
type summtion of randcm shocks time series, The significance of the accelerstor-
muwcm«miammmmwmxupm-mmm
randon shock is merely a "mainteining mechsnima" cr vhether the rendom elsments
doninate in the gemeratiocn of the time series.

Fisber (2) exsmined s rwndom shock eccelerstor-miltiplier model. He
specirisd that an scoelarstor-multiplier model with mn equilibrivm income of
57 billions and a = .7, B = .5 vas mubject Yo & rendom shock drewn from &
simlated norual population. The populations wesn was sero end standerd
deviation 5 billioms. The resultant time saries was not damped and in addition
its paricd end ssplitude were varisble.
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The values of & and 8 selscted by Pisher yield a 8 of spproximambely 30°,
With p = ,5, 0 » 30° equation 18 becomes Yy = Cp + 1.224 Cy . 1 + 1.000C, . o +
6120y 342500y .4 +0.0C .5~ .125C, _ g~ 253C .7~ 2250y .8~
0765 Cy . g = 0313 € . 30 # 0.0 0y . 31 ¢ OL56C, . 30 +. The incoms of any
date is primerily determined by recent shocks: in particular the weight attached
te shocks mocre than 5 periods old is small compared to the weight attached to
never shoeks, The cyeles that Fisher exhibited are mainly the effect of the
chance Qraws of runs of positive ¢r nmegative shocks and the chance draw of e
very large (positive or negative) shock. For sxaxple, in a normal distridution
vith zero mean one fourth of all samples of throe dreva at randmm would be
either all pesitive or all negative. Such not wpumml ocourremoes would "build
up” the deviatiom of ¥, from the equilibrium valus.

In a type A, monvtonically demped time series deviaticns of actual from
generated incomes are alse interpreted as the second initial condition for an
aceslarator-mltiplisr solution equation, The resulting solution equatiom is

~ * J 3 h=y )
M M, =AM » A C4
\ 4 2 e ) - - 4
{ + ( +@,,‘_,,~)CM C ._,,_’) . wyrat, (39)

zra-.Sua-.stmﬁ-.émuE-.s. Bquation 19 becomes
Y »Cn+L206y . 1+.910C .0¢ 6008344750 .4+.30C .5+
202 Cp - E4AIPCy . 7T+ OBLE, g O5L0y gt OBLE, 30t
019 €y . 31 % + . - The veights atteched to the recent devistions o shocks
are much larger than those attached to the ewrlisr shocks., If the (, are
random varisbles, the luck of the draw will lesd to rums of positive or negative
shocks. A time saries that exhibits the desired cyeclical irregularity would be
generated. An assumption that the aceslerater-muliiplier mechaniem is isherently
cyelical is not necessary in order to obtain the desired typs of cyecle.
The randos shock mechauisnm ocan gonerate a cyels éven if the accelerstor-mmiffplisr
machanism would paturally Jsed to a monotonic series. Memeoe the cycle generated
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by Fisher's model does not depend wpon the properties of the acoelerstor-
mltiplier sechanisn but rether it depends upon the propertiss of a moving
average.

Bansen (6) and Goodwin (3,5) heve integrated Scluupeter's immovetion
hypothesis with the state B accelerstor-mltiplier wodel. Evem though inventions
pay ocour in a steady stream, the exploitatien of investions snd hence the in-
vestmaut dus to the imnovetion jrocess tends to be Lumped. Within the fremevork
of equation 17 the C {'s are positive &uring those peariods when innovation
genarated investment is ccowrring and zevo in other periods. Altermetive speci-
fications of vhen in the cycle these lumped inncvaticmal investments vill oceowr ore
1) imasdiately after the lower twning point, or 2) vhen incomo cmes again ex-
ceeds the equilivrium incoame, Uiven that there are k pericds to the cycls
(wwmmmtamaee&rw.m) then this specifies that
c;,c,+k,--,ca¢nk(awwmmmmhmmmm-
novational investwemt is injected) will be positive and all other € 1's will
be 3610,

Considerabls flaxibility can be introduced into this model by allowing the
Cs + n k's to vary in sise and by permitiing imnovetional investment to spill
over into the perieds following § ¢+ n k. If iuvemtiocns vhese axplaitation
requires large emonts of iuvestmmmt ocowr, them Cy #n k, Cy + n X ¢ 1 ~oe-
vill all be positive and presumably large. This vwill "uild wp" & large
splitules end throw the cyelical mechanism cut of phase with previous ¢ynlest
the innovetional shocks dominste the behavice of income., Ouce thase dominmating
imovations have run thelr course the sceelerator-mltipller mechanism will
again desteraine the path of futwre incoms, Duwvations vhich include relatively
]l smownts of investuent vill tend to maintain the othervise dmped cyoles
ad vhan such imnovations taks place the cysls will exhibit a constant peried.
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Note alse that this lnnovation sheck mechanisam will ncrwally tend te produce
Iarger emplitule prosperities than depressicus and if the Mnovatiomal invest-
ment oceurs &t the lower tumiang point the Length of the depression will be
shortened, \

The acoslorator-maltiplier hypothesis combined with the lonovatieonsl
hypothesis csn penerwte an spyrapriately irregular time seriss. Kowvever, this
model requires that scme mechanim for the scowmilstion and relesse of ine
novational investment exist; sud hemce a satisfactory ecotwmic explammtion
of the lmovetica process la necessary.

30, Inhavently Explesive Tine Series

The specification that f > 1 tmplies that the limewr scosleretcr-multiplier
machanisn gensrates & type D or £ time eeries. Kicks (7) stulied the case vhere
this type of timn series was constreined by cither s ceiling, due to a full ea=
Ployment 144t wpon profuctive cspacity or & floar, due to a physical limitation
upon the consugption of fixed capital. Note that this model, by oonsidering the
ceiling and fleor to inocome explicitly, takes supply conlitions inte moscunt in
deteruining income, The income determimation process is divided into two parts.
In the first part income equals aggrogate demsnd as deterwined by a solutiom
equation of the scoslerstoremltiplier mechanisw., In the second pmrt aggregute
aTply as given Ly the ceiling o flocr %o income determioss income.

Consider a monotonically explosive (type E) time series. In the solution
squation (s) &

Y, A g A MM 244, 7 |
Ay sl Ay sre determined Ly the initial comditions. At sy date ¢t there is a
ceiling inccme Cy snd & floor inocme fy. The model states that the solution
equation vill deternine inooms vhen J, ¢ Y O/c ¢, mma that 1r ¥ 7 Ce
TR AL S S W

A solution equation with particulsr values of Ay ad Ay is & restgtesmt
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of the coutent of the acosleretr-miltiplier process of equeticn 5  with the
two inttial incomes knmm. A devisilon of actual income from income as determined
by such & solution oguation Luplies that the original soluticn egwtion no longer
deternines futwe income. This oceurs vhencver the oelling or floor to income
becomas the effective dwterminant of actuml incanss. BSuch mn ocewrrence ia
mm»mswufcmmmmmtmmm@ma
thmmmwnmmmmmmummwimmmm
values of Ay sad Ap. The initial conditions which determine A3 and A are the
ceiling or floor to facome and the incaw: of the date Just prior to the celling
ar floor becowing effective. Assmaing that the ceiling or floor becomes effuce
tive on the gth date, the nev scluticn egmtion is dsted so that n - 1 » O sl
nw=l,

mumﬂw&hmaﬁﬂnmmmm&ww
of incowe ou the pth date, Webhave T, - ) V. ., &Y _<(. <A ™A 4™
Fram egmtion /. wo have

A '-.[X_'_‘i“-]ym_‘ aod A, (/(i;"“i )T*"

7
M - My A, My

‘BMW%?/} 70/’6 N tond A, 79,«{4& > )
ummwmwumumwnwmmwu
8 veightod avernge of iy &nd ky, bemes h <uy. s yiedds AoY > 0, but 4yt 2 0
o AL < 0 sre bokh pessidble. If Ayl 15 lass than zerc thex the soluticn equatien
with thene laftial copditions vill evemtually gemerwte s falling incame. With the
syprcpriate 1nitial conditions, an otherwise monotonlceally eplusive time sertes
will generste one twuing poiut.

Iz Ay} > 0 then the solution squaticn will generebe & . +/ =  pariod's
income equal to or gremter than A (,. . If the ceiling income increases at some
constant rate 2> | we lmow thet N30 Tme 1f A 2o the cotling incame determines
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gotual, income for two sucesssive periocds. This implies that mother new
solution equition would operate to gmerate future incomms, m/'a )

At fese)en Al it e
uﬂzﬁm«mwmmmuwm:wmtwmm
um«m,mwmn‘wmlo contimmlly dstermines income
mmmmwmuummmmm
Xt o= M, then /.20 and the sceslerstor-miltiplier process so set in moticn
dmmmtoynmmwmdnwm H/a*-,u then
A"<o ena 3;:\-{3;' ¢ /° 1iacome will fall may from the ceiling. In
time incoms will explode dowvanvexd.

The dovmard oxplosion comes to & halt vhen incom s geneveted by the
solution equation would be lover than the floor to incoms, The enalysis in this
muawwmmwwmm»mm@mm
equation to & typs D time series ia

Y, "/5%/,4, ter t6-4 A, L. to)

vith ﬁq“vl.xr/lﬂ%wmmtomnmmmmm
straint as it incresses faster than the agplitude of the axplosive cyele. Hence
/&""7/0 {s the culy interesting cese.

Assum that the incomes of the dates o and 1 mre celling incowes, C. and

€1 ad Cy = 2 L5 . Vith these initial condstions A, -(, emdd,: ’%4”6@:6%"

St X &)La

Y,
v o &
'ﬂaosomtimequntim\f ﬁ(Cm. Jarp;{lhw,,.

reduces o Y k’(.cﬂs) & ermcummummawdmm
«mmmmwm\’ '>¢, /a(ua) - 2o
Solution of the equation /a(o?+p) +ﬂ+)§:0)')<70
Aﬂl@c{.‘ /-, e d *UHeaP-q(81 k)

2
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For a type D tine series Y/3>(Z3+/2)  hence the rate of growth of oeiling
income vhich would maks Os the effeckive determinent of income is complex, A»
0 15 sammed veul, the assmption thet the ceiling is & owtimuing effective
detarmioant of inccms for the axplesive-cysliocal case is contredicted. A
sintilar snalysis bolds for the flomr t0 income. The inhwrently mxplosive-
cyclical time series vill mever slide slong & ceiling o a floor coustraint;
1% Vil elways boumee off.

u&«mmumnmwhmmﬁ,
i the floor %o income depends wpon the ceiling incoms then the mplituds of
the cycls that is gmerated by inoome baumeing between the floor and the ceiling
mmnmm(ﬂ. A-/v! the “seiling snd floor" eyols becomss
equivalmt to the explosive ascelemter-miltiplier model; and with a constant
agailibrtun incems, the relative splitnds of the oyele that is gencrwted
increnses .

A signifiomnt attridute of the constreined sxplosive scoslaretor molels
is thas theay opem the way for the explicit intreduetion of supply comsiderstions
in detemining the belmvicr of income. The constralnt need not de iuterpewited
as & full esployamt profuciion celling or a copital coummption production
flger. Yor exmmpis, the constraints cmn be interproted as sttributes of the
Tinancial wystem sod the tise seriss generuted hecomes the result of the inter-
action of agpregate deand md finmnsial omsiderwtions.
ﬂ/wm

S¢ far income s Leen gumereted s a deviation from some unspecified
equilitedun income. To specify the equiliteium incone it 1s sufficiemt to
ssvmns et couswption is a ncchonogensous fvnction of income, 1.4,

Gz 2 I o, Who,o ) ar
Zqmtion hocunas
Yf: = o, + i +f8) Yev:'/’ o 7
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and the equilibrimm inccwe (vhere Y. =Y, = .. ) 1s )-d, - The

assaptions &8 to the behavicr of the coomaption function mssocisted with
Dussenberry (1), Modiglisat (9), snd Tobin (12) csn be used to derive ma
egailidriwa lavel of imccme that increases vith the ceiling income. As the
floor to income 16 some maximam deviation of income (vhich verses vith time)
below the sguilibriws incoms, & nonliomcgedecus aplosive molsl does not have to
genarate an increasing relative mplitude cyels as was trwe of the hamogenoous
wplosive wolel. For by specifying that both the equilitriws and the floor o
incomss are soms (different) constants timas the ceiling incoms a constant
relative mplitule cyole can be gensrsted,
mmwmw:mmm,nmmwu,aza,
then income vill coutimally press against the ceiling to inocme vhereas if
p°Mmeuu.hmmmmwm(,oummwm
of ceiling incoms &l 4o 48 the mmllar reot of the solution equaticn). The
econmic comtent of this proposition is that vith 2 2« the arithmtic in-
crease in osiling income induces more tham sufficieat lzvestment o offset the
sucunt of seving vhich is determined by the level of inccme apd with 744,
the reverse holds trus. In the homoganecus oase botl the ceiling incoms and the
guerated incoms wvere weasured as devisticus from the equilitrimm imcass, vhich
implicitly vas equal to zarc, Ones the incame genersting relstion is non~
homogenecus the yoots of the solution eguaticn determine the rete of growth of
inecme msasured as & devistion from the equilibriun incoms wherens the rate of
growth of celling income matwrally refers 0 incoms measured from zare. As
cailing incoms {8 larger than oceiling incoms wimns equilibrium income, 1t is
possible for the smount of imvestment induced by the arithmetic chenge in ceile
mmwmmmmwmwam“uﬂ,y.
In this case inceme vill contimme to press against the oeiling to income even
though the rate of growth of ceiling income seems imsafficient to sustein growth,
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Ir the ogquilibeium income only increases intermittently then the ratioc of
ceiling incoms mimus equiliwrium incams to ceiling incoms vill decrease. It
follows that after a vills the sritimetic inerease in colling income mmy be
insufficient to offset savings as dstermined by the schisved level of inooms.
Actua). income may press against the ceilimg to income for & muber of periods
and thes twrn dowm. Nonhomogamoous explosive models constrained by a ceiling
Mm&qml-m“mnmmwdmmm
that in retrospect becoms Just eloagated Loom pericds of a business cycle.

By intexpreting the investment rolation as

Iz”“ 8»*4(Y¢—-,‘Yf-a.> ‘ 2“

vith (3, o sutoncmous or "immovetion” investment, equaticn’ & vecomes
Yézsé(oﬁﬁa)*@:*/g,)\(éui —KI Yﬁ-‘L. '7‘“

Ao+ B i

equilibrims income bscomes /-, , The formal results about oenstaant relstive
epliteds cycles and the poesibility of sustained bocms that vere dertved for the
tions are noshomcgenecws. ZThe economic content vben both axe nonhemogenecus is
that the eguilibriun incoms 16 affected by the pace of investmeat imduced by
innovations, population growth mnd shifts etc. It fellows that strong bursts of
iznovsticoal investments can result in langthy sustained booms for such innoe
vaticnal investments raise the squilibrivm level of imcams relative to the ceile
ing income,
VI. Comclusions

The exmaization of the various modificatices of the accelerstor-miltiplier
methenisg vhich have spposred in the litermture shows that the apyeretus is very
flexible. This flexibility makes the spparetus o weeful tool for the smalysis of
income flows. If the accslsrator-multiplier mechmiss is interpreted as & tool
for the enalrais of comcrete problems in the detarmination of income ruther than
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as & "thecry” of the business cyale, mmny of the cbjectioma to the use of the
wechanism vanish. Sush en interpretation implies that the ¢ and p coefficients
andl the behavicr of the canstraining snd the maintaining factors do not have o
particular set of values because of charesteristics inherent in all econcmies at
all times (cr even in coe economy &t all times). Just as demand and supply curves
mmmmmwuumuwmwwmmm
aPpply curves have different olastisities, so the accelsrator-multiplier enalysis
as modified by the addition of constraining end sustaining factors is useful in
the analysis of income detormination.

If the modifisd acoelerator-mltiplier approach is to be a useful tool for
econcmic analysis, the freedom of the analyst in choosing the values of the
paramoters has to be constrained. The two stochastic spproaches considered (the
stochastic error and stochastic paremster approach) and the nonlinear models which
depend upcon & variable acecelavator coefficient do not sericusly eonstrain the sns~
lyst. On the other hand, the linesr models with systematic comstraining or sustain-
ing factors do limit the analyst’s freedom, Of the two types of linear models
considered, the inherently dsmped models plus sustaining factors and the in-
herently explosive models with added restraining factcrs, the explosive types
soen able to abaorb A greater variety of exogenocus factors. A particular virtue
of the constrained explosive models is that the cefling and floors can be inter-
preted as being determined Ly the financial sectors, thus tying together elemmts
vhich are often arbitrarily separated in dusiness cycls theory,

To use the explosive cyeles with the celling and flocr comstraints it is
nacessary to estimmte the following: 1) the marginal consusption coefficisnts;
2) the strength of the induced imvestwont reaction; 3) the values and the time
rate of changs of the autonomous conswunption and investment factors; and
4) the mature of the constraints that ave effective, This snd similar ine
formaticn is often svailable, and hence the constrained multiplier formulaticn
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‘Geems 1ike & useful tool for the emalysis of events.

The vitiating element in the argumnt in favor of the constrained
miltiplier-accelerator wodels 1s that even with all the restricticas upon
the nature of constraiuts that have been suggested, the model may still be so
gmarel that all eonceivable events are consistent with the hypotbesis.
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