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Abstract

In this project we work with integer splines on graphs with positive integer edge labels. We
focus on graphs that are n-cycles for some natural number n. We find an explicit condition
for when a set of splines can form a module basis for n-cycle splines. In general, a set of
splines forms a Z-module basis if and only if their determinant is equal to the product of
the edge labels divided by the greatest common divisor of those edge labels.
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Introduction

Splines appear in many branches of mathematics and have many applications in several
fields. Originally, the word spline referred to a thin strand of wooden beam or thin metal
used in the construction of ships and aircraft. A metal weight was placed at specific control
points to keep the spline steady. Once the spline was secured in place, it was then shaped
according to the desired form.

Mathematically, a spline is a special type of curve, formed by a collection of piece-
wise polynomial functions joined together at key points to achieve a certain degree of
smoothness. In particular, we say F' is a spline over an internal I = (—o0,a] U [a, 00), if

fi(a) = fa(a). We denote a spline as F' = (f1, f2).

Example 1.0.1. Consider the following piecewise function:

fi=2%: 2<0
F(:E):{ f;:a:: x>0

Clearly, F = (22, x) is a spline over I = (—o0,0]U[0, 00) since, f1(0) = f2(0). Note, Figures

1.0.1 and 1.0.2 depict two ways we can visually represent F. %
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Figure 1.0.1. The polynomial spline F = (22, z).

fi =2 z=0 fo==

< 1 >

Figure 1.0.2. A second way to represent a polynomial spline.

In addition, we are interested in the degree of smoothness of a spline. In general, the
degree of smoothness is equal to the number of continuous derivatives of a spline. These

splines are referred to as C" splines.

Definition 1.0.2. [3, Definition 3.0.15] A C" spline over I is a spline with 7 continuous

derivatives. A
The following theorem tells us when a spline is C".

Theorem 1.0.3. [3, Theorem 3.0.18] Let F' = (f1, f2) be a spline defined over the interval

I'=LUI=(—00,a]UJa,00). Then,

FisC" <= fi=f, mod k",

where k(x) = x — a is the linear polynomial defining the boundary x — a = 0 between I,

and I.
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In our example, f; = 22, fo = x and k"™ = (x — 0)"*!. Theorem 1.0.3 tells us that F'

is C¥ since 22 = 2 mod (z — 0)°*!, but F is not C*! since 22 # 2 mod (z — 0)1+1.
Aside from Figures 1.0.1 and 1.0.2, we can represent a C” spline as a graph, where f;

and fy are the vertices and (z — a)TJrl is the edge. This is shown in Figure 1.0.3.

fz f1

® o °

Figure 1.0.3. A graph representation of a C" spline.

Furthermore, we can have the following C" spline, F' = (fi, f2, f3), on an interval I.
Similarly, we illustrate this spline as a graph in Figure 1.0.4 (a).

As it turns out, we can generalize the theory of polynomial splines to what are called
integer splines. Hence, instead of working with polynomials over R, we work over the ring
of integers. This transition is shown in Figure 1.0.4 (b), where we label the vertices with
integers, whereas before, they were labeled with polynomials. Similarly, we label the edges

with natural numbers. If the following is satisfied:

fi=/fo modai, fo=f3 moday, and f3 = f1 mod as,

then F' = (f1, fo, f3) is called a generalized integer spline.

f3 f3

as az

f1 ai fa
(a) (b)

Figure 1.0.4. (a) illustrates a polynomial spline and (b) illustrates a generalized integer
spline.
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In this project, we focus on generalized integer splines called n-cycle splines. These are

splines on an n-cycle graph and are illustrated in Figure 1.0.5.

Figure 1.0.5. F = (f1,..., fn) is an n-cycle spline.

Our work builds on the study done by Handschy et al. [1]. They construct a special
type of n-cycle splines called flow-up classes. They identify the smallest flow-up class as
having the smallest elements in a flow-up class and show that the smallest flow-up classes
form a module basis for n-cycle splines over the integers.

While Handschy et al. show that a group of splines form a basis for n-cycle splines, our
main finding shows that there is a criterion for when a set of splines form a Z-module
basis.

We list a brief outline of our chapters:

In Chapter 2, we introduce the reader to some basic number theory.

In Chapter 3, we give a conventional definition for generalized integer splines as well as
n-cycle splines. Then, we introduce flow-up classes and smallest flow-up classes as defined

by Handschy et al.
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In Chapter 4, we present the majority of our findings. We focus on 3-cycle splines and
show that the determinant of the set of the smallest flow-up classes is equal to the product
of the edge labels divided by the greatest common divisor of those edges. Then, in Section
4.3 we present our main result and show that a set of splines form a module basis for
3-cycle splines if and only if their determinant is equal to plus or minus the product of
the edge labels divided by the greatest common divisor of those edges.

In Chapter 5, we generalize our findings from Section 4.3 for n-cycle splines.



2

Preliminaries

The purpose of this chapter is to introduce the reader to some basic number theory. We
define basic terminology as well as present proofs that will be useful in the forthcoming

chapters.

2.1 Elementary Number Theory

Definition 2.1.1. [2, Chapter 1, Section 1.5] Let a,b € Z. We say b divides a, if there

exists an x € Z such that a = bz. A

Notation: We denote b divides a by bla and we call b the divisor/factor of a.
b
Note that bla does not say the same thing as —. The former is a statement, while
a
the latter is an expression. When we say b divides a, we are implicitly stating that the

remainder is zero. When we say b over a, we are not assuming that the remainder is zero.

Definition 2.1.2. [2, Chapter 3, Section 1.1] Let a and b be integers and m be a positive

integer. We say a is congruent to b modulo m, denoted a = b mod m, if m|a — b. A
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It follows from Definition 2.1.2 that two integers are congruent each other modulo m if
there exists an x € Z such that max = a — b or a = b + mux.

The following are some important properties of congruences.

Theorem 2.1.3. [2, Theorem 4.2] Let m be a positive integer. Congruences modulo m

satisfy the following properties:

(1) Reflexive Property: If a is an integer, thena = a mod m.
(i) Symmetric Property : If a and b are integers such that a = b mod m,
then b= a mod m.
(#i7) Transitivity Property : If a, b, and c are integers with a = b mod m

and b= ¢ mod m, then a = ¢ mod m.

We now define the greatest common divisor of two integers.

Definition 2.1.4. [2, Chapter 2, Section 2.1] The greatest common divisor (gcd) of two
integers a and b, where both integers are not zero, is the largest integer that divides both

a and b. A

Notation: We denote the ged of two integers as (a, b).

We can also define the ged of more than two integers.

Definition 2.1.5. [2, Chapter 3, Section 3.2] Let ay, a2, ..., ay, be integers not all 0. The
gcd of these integers is the largest integer that is a divisor of all the integers in the set.

The gcd of ay,aq,...,a, is denoted by (ay,as,...,a,). A

Example 2.1.6. We easily see that (2,10,12) =2 and (4,8,12) = 4. O

Next, we state some useful properties of the gcd.
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Theorem 2.1.7. [2, Theorem 3.8 | The greatest common divisor of integers a and b, not
both 0, is the least positive integer that is a linear combination of a and b i.e. (a,b) = ax+by

for some x,y € Z.

It is an easy exercise to see that Theorem 2.1.7 can be generalized for more that two

integers. We omit the proof.

Theorem 2.1.8. Let a, b, and g be positive integers. If d = (a,b), gla and g|b, then g|d.

Proof. From Theorem 2.1.7, we know that for some z,y € Z, ar+by = d. From Definition
2.1.1, we know that there exists some s,t € Z such that gs = a and gt = b. Substituting
this in the first equation we see that, d = ax + by = (g9s)z + (gt)y = g(sx + ty). Hence,

gld. O
We can extend Theorem 2.1.8 for more than two integers. The proof is omitted but
follows the same method as above.
a b
Theorem 2.1.9. [2, Theorem 3.6 | If d = (a,b), then (ﬁ’ ﬁ) =1
Now, we define the least common multiple of two integers.

Definition 2.1.10. [2, Chapter 2, Section 2.3] The least common multiple (lem) of two

integers a and b is the smallest positive integer that is divided by both a and b. A
Notation: We denote the lcm of two integers as [a, b].

Example 2.1.11. We have the following least common multiples: [5,10] = 10, [12,20] =

60, and [2,13] = 26. O
We can also define the lem of more than two integers.

Definition 2.1.12. [2, Chapter 3, Section 3.4] The lem of the integers ai,aq,...,a,
which are not all zero, is the smallest positive integer that is divisible by all the integers

ai,az,...,ay; it is denoted by [a1, a9, ..., ay]. AN
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In general, we can write every natural number uniquely as a product of one or more

primes. This is known as The Fundamental Theorem of Arithmetic.

Theorem 2.1.13. [2, Theorem 2.3] Every positive integer greater than 1 can be writ-
ten uniquely as a product of primes i.e. n = p{*ps?...p%m for some distinct primes

P1,P2y-.-,Pm and a1,a2,...,0m > 0.

The reader should keep Theorem 2.1.13 in mind for it is used in some of our proofs.

The next example summarizes what we have discussed so far.

Example 2.1.14. We compute [234,552] and (234, 552). First, we find the prime factor-
ization of each integer: 234 = 2 - 3% .13 and 552 = 23 - 3 - 23. By definition of ged and
lem, (234,552) = 2 -3 and [234,552] = 23 - 32 . 13 - 23. Note that (234,552) - [234, 552] =
24.3%.13.23 =234 - 552, O

Example 2.1.14 illustrates an interesting relationship between the gcd and lem. As it

turns out, the product of two positive integers is equal to the product of their ged and

lem.
Theorem 2.1.15. [2, Theorem 2.8] If a and b are positive integers, then (a,b)|a,b] = ab.

We now expand Theorem 2.1.15 for three positive integers. This fact will be useful in

Chapter 4. Before we continue, we provide an example.

Example 2.1.16. Let’s compute (6, 10,12) and [6, 10, 12]. We see that 6 = 2-3, 10 = 2-5,
and 12 = 22 - 3. By definition, (6,10,12) = 2 and [6, 10,12] = 22 -3 -5 = 60. However, note

that (6,10,12)-[6,10,12] =23-3-5#2%.32.5=6-10-12. O

While we would expect the relationship for three positive integers to be similar to
Theorem 2.1.15, as Example 2.1.16 illustrates, the same method does not hold for three

integers. Example 2.1.16 motivates the following theorem.

Theorem 2.1.17. If a,b, and c are positive integers, then (a,b,c)[ab, be, ca] = abe.
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Before we prove Theorem 2.1.17, we will need some lemmas.
Lemma 2.1.18. If a,b, and c are positive integers, then

max (a,b,c¢) = a+ b+ ¢ —min (a,b) — min (b, ¢) — min (a, ¢) + min (a, b, ).

Proof. Without loss of generality, let ¢ < b < a. Then,
max(a,b,c) =a+b+c—b—c—c+c=a+b+c—min(a,b) —min(b,¢c) — min(a,c) +

min (a, b, c).

Lemma 2.1.19. If a,b, and ¢ are positive integers, then max (a +b,b+c,c+a) = a+

b+ ¢ — min(a, b, c).

Proof. Let A = max(a+b,b+c¢,c+a) and B = a+ b+ ¢ — min(a, b, c). From Lemma
2.1.18, we know A = (a+b)+ (b+¢)+ (c+a) —min(a+b,b+¢) —min (b+c¢c,c+a) —
min (a + b, ¢ + a)4+min (a + b, b+ ¢, ¢ + a). Without loss of generality, let ¢ < b < a. Then,
b<aimpliessb+c<a+candc<bimpliessa+c<a+b. Hence,b+c<a+c<a+b.

Now,

A=(a+b)+(b+c)+(c+a)—min(a+bb+c) —min(b+c,c+a)
—min(a+b,c+a)+min(a+b,b+c,c+a)
= (a4 )+ AT+ (AT + (b + (b + (o] + (bAe]
=(a+b+c)—c
= (a+ b+ ¢) —min(a, b, c)

= B.
O

Proof of Theorem 2.1.17. By the Fundamental Theorem of Arithmetic, we can ex-

press a,b, and ¢ uniquely as a product of primes. Hence, a = [/, pi", b = [[I, p?i,
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and ¢ = [[;",p;*, where a;,b;,¢; > 0. For simplicity, let z; = a; + b, y; = b + ¢,
and z, = a; + ¢; , where 1 < ¢ < n. By definition of lem, we know [ab,be,ca] =

[TI, pf T Pl T 7] = T1y o™ @) Prom Lemma 2.1.19, we know that

max (x;, Yi, zi) = a; + b; + ¢; — min (a;, b;, ¢;). In other words,

1sYi,%1 i+b; i —mi '>b'7 L
[ab’ bC, Ca] _ H?:l ;nax (xz Yi Zz) — H?Zl ?z‘i‘ ;+¢; —min (az i Cz).

n _min (a;,b;,c;)
=144

By definition of ged , we know that (a,b,¢) =[] . This implies that

n ( n
min a'vb'vc') ai-i-bi-‘rci
I
i=1 i=1
and so,
n a;+b;+c; n
abe Hi:1 b; a;+b;+c;—min (a;,b;,¢;)
(a,b,c) T T min(asbic) le- = [ab, be, ac],
7 Hi:l b; i=1
Hence, (a, b, ¢)[ab, be, ca] = abe. O

The following example illustrates Theorem 2.1.17.

Example 2.1.20. Refer back to Example 2.1.16, where it was shown that [6, 10, 12](6, 10, 12) #
6-10-12. Now from Theorem 2.1.17, we know that [60, 120, 72](6,10,12) = 6 - 10 - 12. To

see this, lets compute the multiples of 60, 120, and 72, respectively:

multiples of 60 : 60, 120, 180, 240, 300, 360, 420, . ..
multiples of 120 : 120, 240, 360, 480, 600, . . .
multiples of 72 : 72,144,216, 288, 360, 432, 504, . ..
Hence, [60, 120, 72] = 360 = 23-32-5. Now, [60, 120, 72](6,10,12) = 24.32.5 = 6-10-12. ¢
The next lemma shows that an associative property for the ged holds.

Lemma 2.1.21. Let a,b, and c be positive integers. Then, (a,b,c) = (a, (b, c)).
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Proof. Let K = (a,b,c), M = (a,m), where m = (b, c¢). This means that Kla, K|b and
K|c. Since, M|a and M|m implies that M|a, M|b and M|c, then by an extended version
of Theorem 2.1.8, M|K. Now, we know that K|a, K|b and K |c. Since K|b and K|c, then
by Theorem 2.1.8, K|m. Then, since K|m and K|a, from Theorem 2.1.8, K|M. Hence,

M|K and K|M implies K = M. O

Similarly, it can be shown that Lemma 2.1.21 holds for ai,as,...,a, € N such that
(a1,a2,...,a,) = (a1, (az,...,ay,)). Although the proof is omitted, the reader is encour-
aged to verify this.

The following theorem is known as The Chinese Remainder Theorem (CRT).

Theorem 2.1.22. [2, Theorem 3.12]

Let m1,ma, ..., m, be pairwise relatively prime positive integers. Then, the system of

T = a; modmy

T = ay mod mo

r = a, mod m,,

has a unique solution module M = mims ... m,.
As it turns out, we can generalize Theorem 2.1.22.

Theorem 2.1.23. The system of congruences

r= a3 modmy

T = as mod me

= a, mod my,
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has a solution if and only if (m;, m;)|a; — a; for all pairs of integers (i, j), where 1 <1i <
Jj < n. If a solution ezists, then it is unique modulo [my,ma, ..., my].

Before we prove Theorem 2.1.23, we will show that it holds for two system of congru-

ences. The resulting lemma will guide the proof for Theorem 2.1.23.

Lemma 2.1.24. The system of congruences

r=a; mod my

T =ay mod ms,
has a solution if and only if (m1, ma)|(a1 — a2). The solution is unique modulo [my,ms].

Proof. < Suppose that (m1,ma)|a; — az. From Theorem 2.1.7, we know that for some
ni,Ne € Z, mong — mini = aj] — ag or equivalently, a; + miny = as + maone. Now, let

x = a1 +nimq. Then,

a1 +mini =a; mod my (1)

ai +mini =as mod ma (2).
Equation (1) can be written as a3 + miny = a; mod (minijnﬁ From Theorem 2.1.9, this
means (ﬁ, mg) = 1. Then, according to Theorem 2.1.22; a unique solution exists and

my
(m1,mz2)

is congruent modulo ma = [my, ma.

= Suppose that x is a solution. This means that z = a; mod m; and x = a2 mod mo.

Then, for some ni,no € Z, min; = x —aq and mang = x —as. In other words, min; +a; =

(m1,m2)
(m1,mz2)

mana + ag Oor mang —ming = a; — az. Multiplying the latter equation by , we get:

mon2 ming

(ml,m2)< - >> = a1 — a2.

(ml7 mz) (mth

Note that (mq, mg) divides m; and ma, hence the equation on the left is still an integer.

If = is a solution then (m,ma)|(a; — a2). O
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Proof of Theorem 2.1.23. From Lemma 2.1.24, we know that z is congruent to
some @ mod [mi,mg]. Then, applying Lemma 2.1.24 to x = @ mod [m1,ms] and
r = a3z mod m3, we know a solution exists and that it is congruent to some @’
mod [[my,ma], mg] = [m1, ma, ms]. This step can be repeated multiple times until we
note that z is congruent to mod [my,mg, ..., my]. Hence, there is a solution as long as

(mi,m;)|(a; — a;) for 1<i and j > n. -
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Generalized Integer Splines

In Section 3.1 we give a formal definition of generalized integer splines and introduce n-
cycle splines. In Section 3.2 we show that n-cycle splines form a Z-module. Finally, in

Section 3.3 we discuss flow-up classes and define the smallest flow-up class.

3.1 Definitions and Examples of Integer Splines

We begin by defining an edge-labeled graph, which is simply assigning a label to an edge.

Definition 3.1.1. [1, Defintion 2.1] Let G be a graph with k edges e, ea,...,ex and n
vertices vi,v2,...,v,. For 1 < ¢ < k, let a; € N be the label on edge e; and let A =

{a1,...,ar} be the set of edge labels. Then,(G, A) is called an edge-labeled graph. A
U3 U3
€3 €9 ag az

e a
vy ! vy v1 1 vg

(a) (b)

Figure 3.1.1. (a) is a graph while (b) is an edge-labeled graph .
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Figure 3.1.1 illustrates Definition 3.1.1.

Definition 3.1.2. [1, Defintion 2.2] Let (G, A) be an edge-labeled graph. A generalized
integer spline is a vertex labeling (f1, ..., fn) € Z" such that if v; and v; are connected by

an edge ey, then f; = f; mod a;. We denote the set of all splines on (G, A) by S a). A

The following figure illustrates Definition 3.1.2.
U3 f3
as as as a

a
U1 ! (2 f1

(a) (b)

al
f2

Figure 3.1.2. (a) is an edge-labeled graph, while (b) is a graphical representation of a
generalized integer spline.

Note: From now on we refer to generalized integer splines as splines.

In this project, we label the edges with natural numbers and the vertices with integers.

Example 3.1.3. In Figure 3.1.3 (a), we see that F' = (12,25,9,2,13) is a spline since

13=12 mod1l, 25= 12 mod 13, 25=9 mod 2,

9=12 mod3, 2= 12 mod 5, and 13=2 mod 11.

Similarly in graph (b), G = (34,65,11,29) is a spline. However, in graph (c¢), H =

(11,23,63,89) is not a spline since 11 # 23 mod 8. %

We now introduce a particular type of spline called an n-cycle spline. As the name
indicates, these are splines on (G, A), where G is an n-cycle graph. Our project focuses

on n-cycle splines.
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2 9 29 89 13 63
5 3 2
12 65 11
11 2 5 6 10
6
1 13 31
13 25 34 11 8 23

(a) (b) (c)

Figure 3.1.3. (a) and (b) are examples of splines, where F' = (12,25,9,2,13) and G =
(34,65,11,29), respectively. Graph (c) is not a spline.

Let A = {ai,a9,...,a,} be the ordered set of edge-labels on an n-cycle graph with

ordered vertices {v1,vo, ..., v, }. If the following conditions are satisfied

fi=fo mod ay

fo=f3 mod ao

fan-1 = fn mod a,_1

fn=fi mod ap,

then F' = (f1, fa,..., fn) is an n-cycle spline.
Notation: We denote the set of all n-cycle splines by Sy, (A). In other words, S,,(A) =
S(a,a), where G is an n-cycle.

Note: From now on a graph G refers to an n-cycle graph.

Before we continue, we use a conventional way to number the vertices and edges on an
n-cycle graph. In general, e; = {v;,v;41} for 1 < i < n —1 and e, = {v,,v1}. This is
shown in Figure 3.1.4.

The following is an example of n-cycle splines.
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Figure 3.1.4. An n-cycle Graph.

Example 3.1.4. Figure 3.1.5 (a) represents a 3-cycle spline, where F' = (5,8,30).

Similarly, in Figure 3.1.5 (b), G = (24,16,26,5) is a 4-cycle spline. In graph (c),

H = (12,18, 30, 56,23) is a 5-cycle spline. ¢
30 5 . 26 56
11 13
5 11 19 10 23 30
1 12
5 3 8 24 8 16 12 6 18
(a) (b) (c)

Figure 3.1.5. (a), (b), and (c) illustrate 3-cycle, 4-cycle, and 5-cycle splines, respectively.

3.2 n-cycle Splines form a Z-module

Before we go any further, we show that the set of all integer splines on (G, A) form a
Z-module. While modules can be thought of as vector spaces, where the scalars are from
a ring R instead of a field F', there is no guarantee that a module defined over R will have

a basis. However, before we can state whether or not S,,(A) has a basis, we will show that
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it forms a Z-module. This is equivalent to showing that S,,(A) C Z" [4]. In other words,
we must show that n-cycle splines are a subgroup of Z™.

Below we recall the definition of a subgroup.
Definition 3.2.1. A subset H of a group G is a subgroup if
1. e e H;
2. ifx,y € H, then zxy € H;
3. iffx € H, then 27! € H.
AN

Theorem 3.2.2. Fiz the edge labels on (G, A), where A = {ay,az,...,a,}. Then, S,(A)

s a subgroup of 7.

Proof. According to Definition 3.2.1, we must show the identity element of Z", E =
(0,...,0), is in Sp(A). As well as show that, S,,(A) is closed under addition and the
inverse of Z"", F~Y = (—f1,—fa,...,—fn), is in S,,(A).
Clearly, £ = (0,...,0) € §,(A) since a;]0 — 0, for 1 < i < n.
Now, let F' = (f1, f2,-.-, fn),G = (91,92, --,9n) € Sp(A). This means that for 1 <i <
n—1:
xia; = (fiv1 — fi) and zpan, = (fn — f1), where z;,x, € Z (3.2.1)

yiai = (gi+1 — i) and ypan = (gn — g1), where y;, yn € Z. (3.2.2)
Adding the equations in 3.2.1 with the ones in 3.2.2, we get:
ai(@i +vi) = aiwi + aiyi = (fir1 — i) + (9i+1 — 6i) = (fir1 + giv1) — (i +9:)  (3.2.3)
and

an(xn + yn) = anTy + QplYn = (fn - fl) + (gn - 91) = (fn + gn) - (fl ‘1‘91)- (3'2'4)
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Hence, a;|(fiv1+ gi+1) — (fi +9:) and an|(fr + 9n) — (f1 + 91). Therefore, F+ G € S, (A)
which implies that S,,(A) is closed under addition.
Now, suppose F' = (f1, fo,..., fn) € Sn(A). If we multiply the equations in 3.2.1 by

—1, we get:

—zia; = —(fix1 — fi) = —firn — (=fi)) and —xpa, = —(fn — f1) = —fo — (= f1)

In other words, a;| — fit1—(—fi) and an| = fn— (= f1). Hence, F~" = (= f1, = fa, ..., —fu) €
Sn(A).
Therefore, Sy, (A) is a subgroup of Z™. O

How do we know if S, (A) has a basis? We defer to the following theorem, which we

include without a proof.

Theorem 3.2.3. [6, Theorem 6.1] Let F be a free module over a principal ideal domain

R and G a submodule of F. Then, G is a free R-module and rank G < rank F.

Since Z is a principal ideal domain and finitely generated modules over a principal ideal
domain are free, then according to Theorem 3.2.3, S,,(A), which is a Z—submodule of Z",

is also free. Hence, we know a basis for S, (A) exists.

3.3 Flow-Up Classes

A flow-up class is an n-cycle spline with i, where 0 < i < n, leading zeros. We provide a

formal definition below.

Definition 3.3.1. [1, Defintion 2.3] Fix the edge labels on (G,A). Fix i, where
0 < i < n. A flow-up class is any spline in S,(A) with ¢ leading zeros, i.e. F; =

(0,...,0, fists . s fo)- A

Notation: We denote the set of all flow-up classes with i fixed leading zeros as F;(A).

The following theorem tells us that flow-up classes exist in S,,(A).
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Theorem 3.3.2. [1, Theorem 4.3] Fiz the edge labels on (G, A). Let 0 < i < n. There

ezists a flow-up class F; € Sp(A).
In the following example, we illustrate Theorem 3.3.2 for S3(A).

Example 3.3.3. Fix the edges on (G, A), where A = {5,12,13}. Let Fy = (1,1,1), F} =
(0,5,65), and F» = (0,0,156). Clearly, Fy, F1, and F» are flow-up classes in S3(A). Fy, F}

and Fj are visually represented in Figure 3.3.1. O

1 65 156

13 1 13 5 13 0

1 0 0

Figure 3.3.1. Flow-up classes Fy, F1, and F5.

Next, we define the smallest flow-up class. We say a spline is the smallest flow-up class

if its entries are the smallest relative to another flow-up class.

Definition 3.3.4. [1, Defintion 2.4] Fix the edge labels on (G, A). Let F; € F;(A), then F;

is the smallest flow-up class if for every H; € F;(A), fj+1 < hjp1, wherei <j <n. A

The following theorem states that we can algebraically identify the smallest leading

element of a flow-up class.

Theorem 3.3.5. [1, Theorem 4.5] Fiz the edge labels on (G, A), where A= {a1,az,...,a,}.
Let 1 < i < n—1 and let F; = (0,...,0, fix1, fi+2,---, fn) be a flow-up class in

Sn(A). Then, the leading element, fiy1, is a multiple of [a;, (ait1,...,an)] and fiy1 =
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[ai, (@ix1, ... an)] is the smallest positive value satisfying the a; and aj+1 edge labeled

conditions.
The following proposition states that the smallest flow-up class exists in Fo(A).

Proposition 3.3.6. [1, Proposition 2.5] Fiz the edge labels on (G, A). Then, Fy =

(1,...,1) is the smallest flow-up class in Fo(A) and is in Sp(A).

Note: Any flow-up class in F(A) is a multiple of Fy = (1,...,1).

The next theorem tells us that the smallest flow-up classes exist in S, (A).

Theorem 3.3.7. [1, Theorem 4.6] Fiz the edge labels on (G, A). Let 1 < i < n. There

exists a smallest flow-up class F; = (0,...,0, fit1,-.., fn) € Sn(A).

Example 3.3.8. Refer back to Example 3.3.3. Not only are Fy, F1, and F» flow-up classes,
but they are the smallest flow-up classes in Fo(A), F1(A), and Fa(A), respectively. To
see this, we know from Proposition 3.3.6, that the smallest flow-up class in Fy(A) is
Fy = (1,1,1). By Theorem 3.3.5, we know that the smallest leading element of F} is equal

to [5,(12,13)] = 5. Now, the third element in Fj, f3, must be such that:
f3=5 mod12 and f3=0 mod 13.

The smallest number that satisfies this condition is 65. Hence, F} = (0, 5,65) is the smallest
flow-up class in F1(A). A similar application of Theorem 3.3.5 tells us that [12,13] = 156
is the smallest leading element of F». Hence, F» = (0,0, 156) is the smallest flow-up class

in Fa(A). O

The following theorem tells us that any n-cycle spline on (G, A) can be written as a
linear combination of the smallest flow-up classes, Fp,..., F,_1. In other words, if F' €

Sn(A), then there exist zg,...,x,—1 € Z such that, F' = xoFy + x1F1 + -+ xp_1F_1.

Theorem 3.3.9. [1, Theorem 4.7] The smallest flow-up classes, Fy, F1,...,F,_1 form a

basis over the integers for the module of splines S,(A).
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We illustrate Theorem 3.3.9 with an example.

Example 3.3.10. We showed in Example 3.3.8 that Fy = (1,1,1), F; = (0,5,65), and
F5 = (0,0,156) were the smallest flow-up classes in S3(A), where A = {5,12,13}. Ac-
cording to Theorem 3.3.9, to show that F' = (3,28, 328) € span{ Fy, F1, F»}, we must find

an xg,r1,x2 € Z such that

1 0 0 3
o |1 +21 |5 | +22| O = |28
1 65 156 328

In other words we must solve,

1 0 0 To 3
1 5 0 1| = | 28
1 65 156| |xo 328

Using elementary row reduction we get:

1 0 0 3 1 0 0 3 1 0 O 3

1 5 0 28 ~ [0 B 0 25~ |0 5 0 25

1 65 156 328 0 65 156 325 0 0 156 0
25

Hence, g = 3, z1 = =5, and xo = 0. Thus, F' is a linear combination of Fy, F}, and

5

F,. O



4

Bases for 3-cycle splines

In this chapter we present the majority of our results. In Section 4.3, we prove that we
do not need to find the smallest flow-up classes in order to span S3(A). In fact, all we
need are a set of splines in S3(A) that fulfill a certain criteria. Sections 4.1 and 4.2 are

the building blocks needed to arrive at this result.

4.1 Flow-Up Classes on 3-cycle Splines

We omit the proof showing that the smallest flow-up class in Fy(A) is Fop = (1,1,1) and
that Fy € S3(A) since this is easily verifiable. Hence, we start by determining when a
flow-up class, F; € S3(A). The following theorems are from Handschy et al.[1]. We simply

present alternative proofs.

Theorem 4.1.1. Fiz the edge labels on (G, A). Then, a flow-up class, F1 = (0, fa, f3),

exists in S3(A) if and only if fa is a multiple of [a1, (a2, a3)].
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Proof. In order for F; € S3(A) we must show that fo and f3 exist. In other words, f,

and f3 must satisfy:

0=fy mod a; (4.1.1)
f3=fo mod ao (4.1.2)
0 Ef3 mod as. (4.1.3)

From Theorem 2.1.22, we know that f3 exists if and only if (a2, as)|f2. In other words,
f2 =0 mod (ag,as3). In addition, Equation 4.1.1 tells us that fo =0 mod a;. Now, from
Theorem 2.1.22, we know fy exists if and only if fy is congruent 0 mod [a1, (a2, as3)]. In
other words, fo is a multiple of [a1, (a2, a3)]. Hence, F} € S3(A) as long as f, is a multiple

of a1, (az,as)]. ]

Note: Theorem 4.1.1 implies that f3 exists since (ag, ag)| fa-

The next theorem guarantees that a flow-up class Fy exists in S3(A).

Theorem 4.1.2. Fix the edge labels on (G, A). Then, the flow-up class Fo = (0,0, f3)

exists in S3(A) iff f3 is a multiple of [az, as].

Proof. From Theorem 2.1.22, we know that a solution to f3 = 0 mod as and f3 =
mod a3 exists and this solution is unique congruent 0 mod [ag, as]. In other words, f3

exists iff it is a multiple of [ag, a3]. Hence, F» € S3(A). O
The following theorems show that the smallest flow-up classes exist in S3(A).
Theorem 4.1.3. Fiz the edge labels on (G, A). Then, the smallest flow-up class Fy exists

Proof. From Theorem 4.1.1, we know that the leading element of a flow-up class in F1(A)
is a multiple of [a1, (a2, as)]. The smallest such element is when fo = [a1, (a2, as)]. Theorem

4.1.1 also tells us that f3 exists as long as (a9, as)|f2. Rewriting fo we see that, for some
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z €N, fo= 21 (az,a3) = i - (a2, as3). Hence, f3 exists and by the Well
(a1, (az,a3)) (a1, (az,a3))

Ordering Property, we know that in the set of all possible f3, the smallest element exists.

Now, let the smallest possible value of f3 be f5. Then, F; = (0,[a1, (az,a3)], f3) is the

smallest flow-up class in S3(A). O

Theorem 4.1.4. Fiz the edge labels on (G, A). Then, the smallest flow-up class Fy exists

m Sg(A)

Proof. From Theorem 4.1.2, we know that the leading element of a flow-up class in Fo(A)
is a multiple of [ag, as]. In other words f3 = x - [ag, as], where z € N. The smallest number

in N is 1. Hence, F5 = (0,0, [a2, a3]) is the smallest flow-up class in S3(A). O

For now, we omit the proof showing that the smallest flow-up classes form a module
basis for S3(A). We give a formal proof in Section 4.3.

We provide additional examples, similar to Example 3.3.8 and Example 3.3.10, to
demonstrate the theorems once again.

1 72 84

12 1 12 2 12 0

1 0 0

Figure 4.1.1. The smallest flow-up classes on (G,A), where A = {2,7,12}, are Fy =
(1,1,1), Fy = (0,2,72) and F> = (0,0, 84).

Example 4.1.5. Fix the edge labels on (G, A), where A = {2,7,12}. From Theorem 4.1.3

and Theorem 4.1.4, we know that the smallest flow-up classes exist in S3(A). In addition,
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Theorem 4.1.3 tells us that the smallest leading element of F} is [2,(7,12)] = 2. With
some additional computation, we find that if f3 = 72, then F} = (0,2,72) is the smallest
flow-up class. From Theorem 4.1.4, we know that F5 is the smallest flow-up class when
the leading element is [7,12] = 84. Hence, F» = (0,0, 84). Additionally, we know that the
smallest flow-up class for Fy is (1,1, 1). Figure 4.1.1 illustrate the smallest flow-up classes,

Fo,Fl and FQ. <>

Example 4.1.6. From Example 4.1.5, we know that Fy = (1,1,1), F; = (0,2,72), and
F> =(0,0,74) are the smallest flow-up classes in S3(A), where A={2,7,12}. To find out

if F'=(12,6,39) € span{Fy, F1, F»} we solve for,

(1 0 07 [zo 12
1 2 0 1| = 6
1 72 84] |2 39

Using elementary row reduction we get:

1 0 0 12] 1 0 0 12 1 0 0
12 0 6|~|0 2 0 —-6[~|01 0 -3
1 72 84 39| 0 72 84 27 0 0

24
Since o = 8743 ¢ 7, then (12,6,39) ¢ span{Fy, F1, F»}. Note, it is really easy to eyeball

that F' ¢ S3(A) since, 39 # 6 mod 7. O
4.2 Determinant of Flow-Up Classes

Before we continue, consider the following example.
Example 4.2.1. Recall Example 4.1.5, where the edge labels on (G,A) were A =
{2,7,12} and Fy = (1,1,1), F; = (0,2,72), and F = (0,0,84) were the smallest flow-up

classes. Now, let

1 0 0
M= [F,Fi,F5]=[1 2 0
1 74 84

Since M is a lower triangular matrix, it follows that |[M|=1-2-84 =2-7-12. Note, | M|

is equal to the product of the edge labels. %
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As Example 4.2.1 demonstrates, the determinant of the smallest flow-up classes in S3(A)
follows a particular pattern. In fact, the following theorem was motivated by this pattern.
Theorem 4.2.2. Fiz the edge labels on (G, A), where A = {ai,a2,a3}. Let Fy, F1 and F

a1a2a3

be flow-up classes in S3(A). Then |Fy, Fy, Fs| = ¢ ———,
(alaa2aa3)

where ¢ € N.

Proof. Let Fy, F} and F5 be flow-up classes in S3(A). Then, from Theorem 4.1.1, we know
that the leading element of Fj is a multiple of [a1, (a2, a3)] and from Theorem 4.1.2, we
know that the leading element of F» is a multiple of [ag, a3]. We also know that the flow-up

class Fy is a multiple of the trivial case, namely (1,1, 1). Hence, for some zg,z1,z2 € N,

we have:
1 0 0
FO = X0 1 ,Fl = | X1 [al, (CLQ,CLg)] and F2 = 0 5
1 f3 r2az, as]

where f3 is an integer that satisfies the necessary conditions for F} € S3(A). Now, let

I I By
X0 0 0

M =|z9 xi1la1,(az,as)] 0
o f3 X2 [327 33]

Since M is a lower triangular matrix, it follows that |M| = zoxi2z2[as, (ag, as)]as, as].

Let ¢ = zgx1z9, then

|M| = c- a1, (a2, a3)] - [az, as] (4.2.1)

]

1-(az,a3)  ag-as

=c By Theorem 2.1.15 4.2.2
(a1,(a2, az)) (a27a3) Y ( )

(CLQ, 3) az - as

=c- By Lemma 2.1.21 4.2.3
Toranas) " Taera) y (4.23)
aj1a2a3
=-c- — . 4.2.4
(ar, 0, a3) (4.24)
Hence, | M| is a multiple of _ 14205 O

(al, az, as)'

We now generalize Theorem 4.2.2.



4. BASES FOR 3-CYCLE SPLINES 34

Theorem 4.2.3. Fiz the edge labels on (G,A), where A= {ai,ag,...,a,}. Let
aiag - - Gy

.(al,CLQ,...,CLn))

Fy, Fy, ..., F_1 be flow-up classes in Sy, (A). Then, |Fo, F1,...,Fh_1| = ¢
where ¢ € N.
Proof. Let Fy, Fy, ..., F,_1 be flow-up classes in S,,(A) defined by,

P 0,30, fly fligs - 1) for1<i<n-—1
! zo(1,1,...,1,1) where 79 € N,7 =0

From Theorem 3.3.5, we know that the leading entry of any flow-up class, excluding

Fpy, is a multiple of [a;, (@jt1,...,an)]. In other words, for 1 < i < n—1 and z; € N,
fiiJrl = xi[ai, (Qitts--- ,an)]. Now, let
FO ﬂ & Fn—l
%0 0 0 0 ]
To X1 [a17 (a2> .. 7an)] 0 0
M = |20 31 X2 [3-27 (a37 )an)] 0
1 2
_QTO fn fn e anl[anfl, an]

Since M is a lower triangular matrix we have,
M| = zoz1 - Xn—2xn-1]a1, (az,...,an)]az, (as,...,an)] - [an—2, (an—1,an)][an-1, an].

Let ¢ = xpx1 - - xp_22,_1. Then,

’M‘ — . al(a27---7an) . a2(a3’---7an) an—2(an—laan) ) ap—10n (425)
(ala (a27 cee 7an)) (a27 (a37 s ’an)) (an—Qa (an—h an)) (an—l’ an)
o al(a2a cee aan) a2(a37 ceey an) an—?(an—b an) Gp—10n
=c- . - . (4.2.6)
(al,ag,.. . uan) (CLQ’- --7an) (an—Qaan—lvan) (an—laan)
_ . Mmap--can (az,...,an) (an—2,an-1,an) ‘ (an—1,an) (4.2.7)
((Zl,ag,.. . uan) (a27---)an) (an—Zaan—laan) (an—lpan)
a1a2 DY an
-—c ——= " 4.2.8
(ar,a2,...,ay) ( )
Hence, | M| is a multiple of aaz " n O

(a17a23 cee 7an)‘
Note: To get from Equation 4.2.5 to 4.2.6, we use an extended version of Lemma 2.1.21.

To get from Equation 4.2.7 to 4.2.8, we see that every numerator of the form (ay, ..., ay)
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for 2 < i < n — 1 has an equivalent and accompanying denominator, hence the terms
cancel each other out.
It follows from Thereom 4.2.3, that the determinant for the smallest flow-up classes in

Sn(A) follow a similar pattern. We present this below.

Corollary 4.2.4. Fix the edge labels on (G, A), where A={a1,as,...,an}. Let Fo, Fy ... F_1
ai1ag - Qp

be the smallest flow-up classes in Sp(A). Then, |Fo, Fi,..., Fph_1] = ﬁ
ai,agz,...,an

Proof. Let F{, Fy,...,F!_; be flow-up classes in S, (A). From Theorem 4.2.3, we know

a1a2...an

|Fo. Fi,...,F | =c- ( where ¢ = xgz1 - Tp_1. Now, c is equal to the

al,ag,...,an)’
product of the multiple of each leading entry in a flow-up class, i.e ¢ is the multiple of

the leading entry in F{j, ; is the multiple of the leading entry of F}, z9 is the multiple

of the leading entry of F} and etc. Since Fy, F1, F, ..., F,_1 are the smallest flow-up

classes, then g = 1 = 29 = - = 2,1 = 1 = ¢ = 1. Therefore, |Fy, F1,...,F,_1] =
ai1ag - ap D
(al,a2,...,an)

4.3 Basis Criteria for 3-cycle splines

As we showed in Section 4.2, the determinant of a basis matrix follows a certain pattern.

In this section we prove that any set of splines form a module basis for S3(A) if and only
ajasas
(ab az, CL3) ‘

Before we prove our big theorem, we need a couple of lemmas.

if their determinant is equal to +

ajagas
(a1, az,a;3)
and F,G,H,D € S3(A). Suppose |F, G,H’ = +Q. Then, QD is in the span of {F,G, H}.

Lemma 4.3.1. Fiz the edge labels on (G, A), where A = {ay1,as,a3}. Let Q =

Proof. Let F' = (f1, f2, f3),G = (91,92,93), H = (h1,h2,h3) and D = (dy,d2,d3). Let

i g m
M = |f2 g2 hol| and suppose |M| = £@Q. In order to show that QD € span{F,G, H},
fs g3 hs

we must show that QD is a linear combination of F, G, and H. In other words, show that
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there exists some 1, x2,x3 € Z, such that the following can be solved:

fi g1 hi| (=1 Qdy
fo g2 ha| |x2| = |Qd2
f3 g3 h3| [x3 Qds

Using Cramer’s Rule over Q, we get:

Qdi g1 M di g1
Qdy g2 ha Q| da g2 ho d
. Qds g3 hs d3 g3 hs n dl g !
1= = = 2 92
|M’ +Q ds g3
Similarly,
fi Qdi fi di
fa Qda ha Q| fo do he 5od
. f3 Qds h3 fz d3 hs N fl dl
9 = = = 9 da
|M] +Q fz d3
and
fi ;1 Qdy i ;1 da
fo g2 Qda Q| fo g2 do f
. f3 g3 Qds f3 g3 ds n fl z !
M +
|M] @ I3 g3

ha
hs3

ha
hs3

dq
do
ds

36

Since all the entries in these matrices are in Z, we have that x1, z9, 3 € Z. Hence, QD €

spanz{F,G, H}. Note this implies QD € S3(A).

We illustrate Lemma 4.3.1 with an example.

O]

Example 4.3.2. Fix the edge labels on (G, A), where A = {2,3,4}. Let F = (1,3,9),G =
)

(0,6,0), and H = (0,10,4). Clearly, F' € S3(A) since3=1 mod 2,9=3 mod 3, and9 =

2-3-4
(2,3,4)

1 mod 4. Similarly, G, H € S3(A). Let Q =

IM|=1-(6-4—10-0) =24 = Q.

1 0 0
=24and M= (3 6 10
9 0 4

. Then,

Let D = (10,6, 18). We see that D € S3(A) since 6 = 10 mod 2,18 =6 mod 3, and 10 =

18 mod 4. To show that QD = (240,144,432) € span{F,G,H}, we need to find
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1,9, x3 € Z such that

1 0 0f |= 10
3 6 10| |xo| =24 |6
9 0 4] |x3 18

We see that x1 = 240, x9 = 624, and x3 = —432 is a solution. Hence, QD € span{F,G, H}.
O

Next we show that each edge label divides the determinant of F,G, H € S3(A).
Lemma 4.3.3. Fiz the edge labels on (G,A), where A = {ai,a2,a3}. Let F\G,H €

S3(A). Then, a1||F,G, H|, a2}|F, G,H|, and a3‘|F,G,H|.

Proof. Since F' € S3(A), we know that a1|(f1— f2), a2|(f2— f3), and a3|(f3— f1). Similarly
for G, H € S3(A). Now, let M = |F,G, H|. Then,

fi g1 m fi—fe g1—92 hi—ho Tl T X3
M=|fs go hy |= fo g2 ha =ar| f2 g2 ho |,
f3 g3 hs3 /3 93 h3 fz3 g3 hs

for some x1, X2, x3 € Z. Similarly,

fi g1 1 g1 h1 i g 5
M=|fo g2 ho |=|fo—f3 92—93 ha—h3 |=a2| y1 y2 ¥y3
fz g3 hs /3 g3 hs3 fz g3 hs
and
fi g1 1 g1 h1 fi g1 h
M=|fo g2 hy|= f2 g2 ha =a3| f2 g2 ho
f3 g3 h3 fa—fi g3—91 hs—M 21 2y 23
where y1, Y2, Y3, 21, 22, 23 € Z. Hence, a1|M, az| M and ag|M. O

We can strengthen the statement of Lemma 4.3.3. This fact will be useful in the following

theorem.

Lemma 4.3.4. Fiz the edge labels on (G,A), where A = {ai,a2,a3}. Let F\G,H €

S3(A), then achQHF,G,H|, a2a3‘|F,G,H\, and a3a1}|F,G,H|.
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Proof. Let M = ‘F, G, H‘ From Lemma 4.3.3, we know that

T T2 T3 x1 x2 x3 fi g1
M=a1| fo g2 ho|=a1| fo—f3 g2—93 hao—h3 |=aiaz2| k1 ka k3 |,
fz g3 hs /3 93 hs f3 g3 hs

for some ki, ko, ks € Z. Hence, alaQHF, G, H|. By a similar argument, a2a3HF, G, H| and

CL36L1“F,G,H|. ]

The following theorem is an adaptation of Proposition 2.2 from Rose [5].

Theorem 4.3.5. Fiz the edge labels on (G, A), where A = {ai,a2,a3}. Let Q =
% If F,G, H € S3(A), then Q||F,G, H|.

Proof. For simplicity, let M = ‘F,G,H‘. From Lemma 4.3.4, we know that ajag|M,
agas|M, and agai|M. This implies that [alag,agag,agalHM. From Theorem 2.1.17, we

M’M. Hence, Q| M. 0
(a17 az, a3)

know that we can rewrite this as

The next example highlights Theorem 4.3.5.

Example 4.3.6. Fix the edge labels on (G, A), where A = {2,3,4}. It is easily verifiable

that F' = (6,4,22),G = (5,3,9), and H = (11,5,23) are in S3(A). Now,

6 5 11
IF,G,H|=|4 3 5
22 9 23

—6(3-23—9-5)—5(4-23 —22-5) +11(4-9 —22-3)

=144 4+ 90 — 330
= —96.
2-3-4
Since, @ = 2.3.4) = 24 and 24| — 96, this verifies Theorem 4.3.5. O

Lemma 4.3.7. Fiz the edge labels on (G, A), where A = {a1,a2,a3}. If F,G, and H

form a basis for S3(A), and J, K, and L are linear combinations of F,G, and H, then
|F,G,H|||J, K, L|.
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Proof. Since, F,G, and H form a basis for S3(A) and J, K, and L are linear combinations

of F,G, and H, then

J=aF +bG +cH for some a,b,c € Z,
K=dF+eG+ fH for some d,e,f € Z,
and L = gF +hG +iH for some g,h,i € Z.

Now,

[afi+bg1+chy dfi +egi+ fhr  gfi+ hgt + iy
[J, K, L] =|afa+bgs+chy dfs+ega+ fha gfa+ hgs+ihy
lafs + bgs + chs dfs +egs+ fhs gfs+ hgs +ihs
[(fi g1 h] fa d g
=\|fo g2 ha|-|b e h
Lf3 g3 hs| |c f i

By the properties of determinants, we know that |[AB| = |A||B|. Hence,

Ji. g1 ha| |a d g
|J,K,L| = |fo g2 ha|-|b e h
f3 g3 hs| |c [ i
a d g
=|F, G, H|-|b e hl.
c f i
a d g
Therefore, |F, G, H|||J, K, L|, since a,b,...,i € Z implies |b e h| € Z. O
c f 1

Lemma 4.3.8. Fiz the edge labels on (G, A), where A = {ai,a9,a3}. If {F,G,H} is a

basis for S3(A) and {J, K, L} is another basis for S3(A), then |F,G,H| = £|J, K, L|.

Proof. Let |F,G, H| = D. From Lemma 4.3.7, we know that D‘ |J, K, L|. Hence, for some
x € Z,Dx = |J,K, L|. Now, since {J, K, L} is another basis, then from Lemma 4.3.7,

|J, K,L\HF,G,H!. Hence, for some y € Z, we have:
|K,L|-y=|F,G,H| = Dry=D=zy=1=y=+l1.

Hence, |F,G,H| = £|J, K, L|. O
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The following theorem and techniques were inspired by Theorem 2.3 from Rose [5].

Theorem 4.3.9. Fiz the edge labels on (G, A), where A = {a1,a2,a3}. Let Q =
a1a2a3
(a1,az,a3)
if and only if ‘F, G,H‘ ==+Q.

and let F\G,H € S3(A). Then, {F,G,H} form a module basis for S3(A)

Proof. = From Theorem 3.3.9, we know that the smallest flow-up classes, {Fy, F1, F»},

form a module basis for S3(A). From Corollary 4.2.4, we know that |Fy, Fi, Fo| =

_ 14243 Now, from Lemma 4.3.8, we know that | Fy, Fy, Fb| = _Ma2as +|F, G, H|,

(a1,az,a3) (a1,a2,a3)

where F,G, H is another module basis for S3(A). Hence, +|F,G, H| = %, or
ap, az,as3

|F,G,H| = +Q.

< To show that {F,G, H} form a basis for S3(A) we must show that {F,G, H} is
linearly independent and spans S3(A).

We see that F,G and H are linearly independent since +£@Q # 0. Now, let D € S3(A).
To show that {F,G, H} span S3(A), we need to show that D is a linear combination of

{F,G,H}. From Lemma 4.3.1, we know that
QD =x21F + 2oG + x3H

for some x1, x2,x3 € Z. Now,

+21Q =x1|F, G, H|
=|x1 F,G, H|
=|(21F + 22G + x3H), G, H]|
—1QD, G, H|

=QI|D,G, H|.

This implies 1 = £|D, G, H|. Now, from Theorem 4.3.5, we know that Q‘ |D, G, H|. Hence,

for some s1 € Z, s1Q = |D,G, H| = x1 = £51Q. Similarly, zo = £52Q and z3 = +s530Q,
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where s9, s3 € Z. Now,
QD =z1F + 2oG + x3H
=QD = £(s1Q)F £ (52Q)G * (s3Q) H
=QD = Q(£s1F + 590G + s3H)
=D = +51F £ 590G + s3H.

Hence, D is a linear combination of F,G, and H, and {F,G, H} span S3(A). O

We now show that the smallest flow-up classes form a module basis for S3(A).

Corollary 4.3.10. Fix the edge labels on (G, A), where A = {a1,a2,as3}. Let Fy, F1 and
Fy be the smallest flow-up classes in S3(A). Then, {Fy, Fy, F»} form a module basis for

S3(A).

Proof. From Theorem 4.3.9, we know that Fy, F} and F» form a basis for S3(A) if and

only if ‘FO,Fl,Fgl = iM. From Corollary 4.2.4, we know that {Fo,Fl,FQ‘ =
(a1,az,a3)
a1a2a
AT Hence, the smallest flow-up classes, Fy, Fi, and Fy, form a module basis for
(a1,az,a3)
S3(A). O

The next example incorporates Theorem 4.3.9 and Corollary 4.3.10.

Example 4.3.11. Lets find the smallest flow-up classes for Example 4.3.2, where the edge

labels of the 3-cycle graph were A= {2,3,4}. We know that , Fy = (1,1,1) is the smallest

flow-up class in Fy(A). Through several applications of Theorem 4.1.3 and Theorem 4.1.4,

we find that the smallest flow-up classes in Fj(A) and F2(A) are F; = (0,2,8) and

F, =(0,0,12), respectively. Hence, we verify D = (3,11,47) € span{Fy, Fi, F>} by finding

g, T1, Ty € Z such that xoFy+x1F1+x9Fy = D. Now, if we let zg = 3,21 =4 and 29 = 1,
1 0 0 3+0+0 3

311 +4(2{+1]|]0| =] 34840 | = |11
1 8 12 3+32 412 47
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Hence, we see that D = (3,11,47) € span{Fy, F1, F5}. Now, Theorem 4.3.9 tells us that we
do not need to find the smallest flow-up classes in order to span S3(A). All we need is a set
of three arbitrary splines, whose determinant is equal to +24 or —24. Now, from Example
4.3.2, we saw that if F = (1,3,9),G = (0,6,0), and H = (0,10,4) then, |F,G, H| = 24.
The next step is to show that D is a linear combination of F,G, and H, i.e. show that

there exists y1,y2,ys € Z, such that, D = y1 F + yoG + y3sH. We see that,

10 0 3 10 0 3 100 3 100 3
3 6 10 11{~ |0 6 10 2|~ 1|0 6 0 —48] ~ (0 1 0O =8
9 0 4 47 00 4 20 001 5 001 5

Hence, when y; = 3,yo = -8 and y3 =5, D =3-F—8-G+5- H thus, D € span{F,G, H}.

O



D

Bases for n-cycle splines

In this chapter, we generalize our findings from Section 4.3 for n-cycle splines.

5.1 Basis Criteria for n-cycle Splines

Before we expand Theorem 4.3.9, we extend the lemmas from Section 4.3. We start off by

expanding Lemma 4.3.4.

Lemma 5.1.1. Fiz the edge labels on (G, A), where A = {aj,a2,...,a,}. Let
Fl ... )F" € 8,(A). Define aj = @142 Gj—1Gj41 " Qp, where 1 < j < n. Then,

aj||F,..., F".

Proof. Without loss of generality, choose @; and let M = |F!, ... F"|. Let F' =

(fi, f4, -+, f1), where 1 < i < n. Let

/R T
1 2 3 n
f3 f3 3 Z?
. . . . (5.1.1)
1 2 3
nzl fngl ngl 1?71
fn B fr
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Applying the rules of determinants to Equation 5.1.1, we get:
f1 fg f1 f2 f1 f2 =1
fz— f3 3 - f3 3 - f3 =13
fs — f4 3 - f4 f5 - f4 f3 =1
1 2 3 n
M — j—l_fj _fj _fj _fj (512)
fi 13 7 I h
fj1+1 o fj1+2 fj2+1 a fj2+2 f]:'ngl - f;’+2 f}lﬂ — [l
nfl_frlL n 1 fn n 1 fn nfl_fryzl
fo— 11 fa— 1t fa— 1P fa =T

Note, for clarity we box the entries that are not subtracted by anything. Now, since

F',...,F" € §,(A), this means that for all 1 <k <n —1, a|f} —

fiyr and an|fy = f1.

Let s denote the row number of an entry and ¢ denote the column number of an entry,

then there exists x5 € Z such that Equation 5.1.2 can be rewritten as:

a1y, a1x1,2 a171,3 a171,,
a2 1 a2 2 as23 a2,
azxr3i a3x3 2 a3xr33 a3T3 n
aj-1Tj-11  Aj-1Tj-12 Aj-1L;-13 aj—1Tj-1,n
J J J J
AjH1T541,1  Gj+1T541,2  Aj4+1T5+1,3 Aj41Tj4-1,n
Gp—1Tp—1,1 (An—1Tn—1,2 An—-1Tn—-1,3 Up—1Tn—1,n
anTn,1 anTn, 2 anTn,3 nTnn

Once we factor out the common multiples, we see that Equation 5.1.3 can be written as,

T11 T2 T1,3 Tin
_~ |l g1 2 3 n
M=ga;|fj| |f; f; I (5.1.4)
Tn,1l Tn,2 Tn3 Tnyn
Hence, a;| M, since the determinant from Equation 5.1.4 is also an integer. O

The following lemma is an extension of Theorem 2.1.17.
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Lemma 5.1.2. Let ay,as,...,a, be integers not all zero. Define a; = a1 -+ Gj—1Q;41 - - Qn,
~ o~ — aiay...a
for1<i<mn. Then [a1,a3,...,a,] = e e L
(a1, a2, ..., an)
Proof. Let p be a prime occurring in aq,...,a,. Let x; be the power of p in a;. Then in
a;, the power of p is Z}l:l zj — x;. Then, in [a1, a3, ..., ay), p occurs with power
n n n
miax K ' :Uj) — xz} = le — Ijnii{l:cj,
7j=1 =1
Denote
r n (k) can (k)
PN o i=1 T —minl_,
[a17a27"'7an]:Hp(k-) ! =t
k=1
Then,
" O )
@, i) = [ g™
k=1
r i1 xgk)
_ Hk:lp(k)_ G102 Gy
- inn (k> - :
r mini_, x; (al,ag,...,an)
Himipgy™
O
From Lemma 5.1.2, we prove the following.
Lemma 5.1.3. Fiz the edge labels on (G, A), where A = {ai,az...,an}. Let Q =
a a ... a
2T IR F? L FT € Su(A), then Q||FY, F?, L FY.
(a1,a2,...,an)
Proof. From Lemma 5.1.1, we know that ZL\jHFl, ..., F™|, where a; is defined as a; =
ajas - a;—1aj41 - - Gp, for 1 < j < n. This implies, [a1, as, . . . ,EZH|F1,F2, ..., F™|. Then,
a a .. a
from Lemma 5.1.2, this means that AT |F1, .. ,F”‘. ]
<a17 a27 .. 70/71)

We now generalize Lemma 4.3.7, but we will not go in depth with the proof since it

follows the same logic.
Lemma 5.1.4. Fiz the edge labels on (G, A), where A = {a1,as,...,a,}. Let F*,... F"

form a basis for S,(A) and let J*,...,J" be linear combinations of F*',..., F". Then,

D 1A )
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Proof. Since F!,...,F" form a basis for S,,(A), then J! ... J" can be written as a
linear combination of F1,... F". Now, let z5; € Z, where s denotes the row entry and ¢
denotes the column entry. Then,

11 Z12 Tin
I = | F T o
Tnl Tn2 Tnn
T11 212 Zin
Hence, |[F1, ... F"|||J%,...,J"|, since 44 € Z implies et ez O
Tpl  Tnp2 Tnn

Similarly, we will not prove a generalized version of Lemma 4.3.8 in depth.

Lemma 5.1.5. Fix the edge labels on (G, A), where A = {a1,a0,...,a,}. If FY, ... F"
form a basis for S,(A) and J*,...,J" is another basis for S3(A), then |F', ... F"| =

+|JL . T

Proof. Let |F!, ..., F"| = D. Then, from Lemma 5.1.4, DHJl, ..., J"|. In other words,
for some z € Z, Dz = |J',...,J"|. A similar application of Lemma 5.1.4 shows that for
somey € Z, |J', ..., J%y = |F',...,F"|. That is to say, (Dz)y = D = oy = 1 = y = +1.

Hence, |F, ... F"| = %|J', ..., J". O

We now generalize Lemma 4.3.1.

Lemma 5.1.6. Fizx the edge labels on (G,A), where A = {a1,as,..
ai,as,...a,
(ar,a2,...,ay)
is in the span of {F,... F"}.

apt. Let Q =

and let F* ..., F" D € S,(A). Suppose |F',... F"| = £Q. Then, QD

Proof. We need to show that there exist z1,...,z, € Z such that, QD = z,F' 4+ -.- +

T F".
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Now,
@D, F?, FP, ... P By C 's Rul Q (5.1.5)
1 = ramer’s Rule over 1.
1 [FL, F2, F%, ... | F" Y v
‘Da F2a FS’ 7Fn| . .
=Q 0 Properties of Determinants (5.1.6)
=+|D, F?, F3 ... |F"|. (5.1.7)

Hence, x1 exists and is in Z since the entires in the determinant are also in Z. A reappli-
cation of Cramer’s Rule over QQ, shows that there exist xs,...,x, € Z. Hence, @D is in

the spang{F*, ..., F"}. O
We now show that Theorem 4.3.9 can be generalized for n-cycles.

Theorem 5.1.7. Fiz the edge labels on (G, A), where A = {ay,a2,...,a,}. Let Q =
a1a2 .. -an
(a1,a2,...,a,)

for Sn(A) if and only if |G*,G?,...,G"| = £Q.

and let G1,...,G" € S,(A). Then, G*,G?,...,G™ form a module basis

Proof. = From Theorem 3.3.9, we know that the smallest flow-up classes, Fp, ..., F_1
form a module basis for S,,(A). From Corollary 4.2.4, we know that

a1a2...an

For ... Fpy | = -9z 7@
‘ " | (al,GQ,...,an)
From Lemma 5.1.5, we know that if G1, G2,... G" is another basis for S, (A), then

ai1ag - - - an

|Fo, ..., Fno1| = |G G?,...,G" = £|GY,G?,...,G"| = r.aa o)
Therefore, |G, G2,...,G"| = £Q.

< Since |G1,G2,...,G"‘ = +Q # 0, then G',G?,...,G" are linearly independent.
Now, to show that G',G?,...,G" span S, (A), we need to show that for D € S, (A), D

is a linear combination of G',G?,...,G".

Now, from Lemma 5.1.6, we know that for some y1,y2,...,yn € Z

QD = y1G* + - + y,G™. (5.1.8)
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Now,

+51Q = |G G, ..., G"| (5.1.9)
= ‘ylGl, G?, ... ,G”| Properties of Determinants (5.1.10)
= ‘ylGl + G + -+ Yy G, G2, . .. ,G"‘ Properties of Determinants (5.1.11)
=|QD,G?,...,G"| By Lemma 5.1.6 (5.1.12)

= Q‘D, G?, ... ,G"‘ Properties of Determinants. (5.1.13)

Hence, y1 = +£|D,G?,...,G"|. From Lemma 5.1.3, we also know that QHD, G?...,G"| =
y1 = +k1Q, where ki € Z. If we repeat Equations 5.1.9 - 5.1.13 for y;, where 2 < ¢ < n,

we see that for k; € Z, y; = £k;Q. Hence, plugging this result in Equation 5.1.8, we get

QD = 1y1G' + G+ - 4 4,G"
=QD = +QkG' + QkoG? + - - - + Qk,G"

=D =4+kG' + kG*>+ -+ k,G™.

Hence, D is in the span of G',...,G". Therefore, G',...,G™ form a module basis for

Sn(A). O

While we omit the proof, it is easy to show that the smallest flow-up classes,

Fy,...,F,_1, form a module basis for S,,(A).



6
Future Work

If we had more time we would have looked at the following:

1. Handschy et al. [1] show that star splines exist as long as they fulfill a certain

condition. Can we find the smallest flow-up classes for star splines?
2. Can Theorem 5.1.7 be generalized for any Euclidean Domain?

3. Can Theorem 5.1.7 be generalized for any (G, A), where G is not an n-cycle graph?
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